DUALITIES AND VERTEX OPERATOR ALGEBRAS OF AFFINE TYPE 
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Abstract. We notice that for any positive integer fc, the set of (1, 2)-speciahzed characters of level 

k standard aJ^^' -modules is the same as the set of rescaled graded dimensions of the subspaces 
(2) 

of level 2fc + 1 standard -modules that are vacuum spaces for the action of the principal 
(2) 

Heisenberg subalgebra of A2 . We conjecture the existence of a semisimple category induced by 
the "equal level" representations of some algebraic structure which would naturally explain this 
duality-like property, and we study potential such structures in the context of generalized vertex 
operator algebras. 
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1. Introduction 

In this paper we discuss a duahty-hke property for the rank two affine Lie algebras A^-^"^ and ^2^^ , 
whose representation theories are to a certain extent prototypical for the representation theory of 
all the untwisted respectively twisted affine Lie algebras. These two algebras have therefore been 
intensely studied during the past three decades (cf., e.g., |Q, [^^, fAPlj , | |MP2t ). 

By abuse of notations we let Aq and Ai denote the fundamental weights for both algebra A^^-* and 
(2) 

algebra A2 ■ Let also ^"(81,52) t>e the (si, S2)-specialization homomorphism (see §2.1 for notations). 
We start by noticing that for any positive integer k the number of level k standard A^^-* -modules is 
the same as the number of level 2k + 1 standard A2 -modules, namely k + 1. The central theme of 
the paper is then the following 1-1 correspondence between the set of level k standard A^^-'-modules 
Oi(fc) {Lk„A^i^) I fco e {0, 1, . . . , /c}} and the set {ife„,2fc+i (4'^) | fco G {0, 1, . . . , k}} of level 

(2) 

2A; + 1 standard A2 -modules: 

i^(i,2)(e-(^-°^''+('=-'=°)^^)chLfe„,fc(A(^))) (1.1) 

= P(g)-iF(i,i)(e-('='"^°+(2^+i-2'=")^^)chL,„2,+i(4")), 

where /co £ {0, 1, . . . , k} and P((?) = n„^±i mod " 9")"' e Z[[q]]. 

The identities in (LI) are obtained in §2.2 by means of the Lepowsky-Wakimoto product formulas 



± (2.) 

for suitable specializations of the Weyl-Kac character formula for standard AY'- and A2 -modules 



respectively. These product formulas are consequences of the techniques developed in |L1], [LM| 
|]w[|, which were based mainly on the fact that the generalized Cartan matrices (GCMs) of A\^ 



(2) 

and A2 are conjugate. However, there is reason to believe that the identities in (1.1) are in fact 



consequences of a representation-theoretical phenomenon that lies deeper than initially indicated 
by the above-mentioned conjugation property and product formulas. Indeed, the correspondences 
in (1.1) may actually hint at a new kind of duality between appropriately defined module categories 
such as the category generated by the standard A^^-'-modules of level k and 



for ip'' and A2 



(2) 

the category generated by the standard A2 -modules of level 2k + 1. These categories may be 
equivalently defined as the categories of level k, respectively level 2A: -I- 1, integrable modules from 
the BGG category O for a']^^ and A^2^ respectively (cf. [Kl]). The objects in the category generated 



by the standard modules of level I for an untwisted affine Lie algebra § are finite direct sums of 
standard g-modules of level /. This category is particularly important from the viewpoint of WZNW 
models in conformal field theory and related mathematics (see, e.g., |DL1|, [EFK|, |HL|). 

As we note at the end at §2.2, purely Lie-algebraic considerations alone do not seem sufhcient 



for finding satisfactory representation-theoretical explanations for the correspondences in (1.1). We 
therefore propose a different yet natural approach, namely by using the representation theory of 
(generahzed) vertex operator algebras ((G)VOAs). 
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Let a be the principal automorphism of s[(3, C) (see [LW]) and denote by 5t(3, C)[f7] the prin- 



cipal realization of A2 viewed as a ^Z-graded afhne Kac-Moody Lie algebra. Then the twisted 
afhnization s[cr] of the principal Cartan subalgebra (CSA) s of s[(3, C) is the principal Heisenberg 

subalgebra of s[(3, C)[o -], whose representation theory explains in a natural way the presence of 
the factor P{q) in (LI). Indeed, the graded dimension of the twisted Fock space representation 
at level 2fc + 1 of s[(t] is exactly P(g^/^). Therefore, if ^lko,2k+i denotes the vacuum subspace of 

i/co,2fe+i(s[(3, C)[tT]) for the action of 5[a] and 02{k) := {^ko,2k+i \ ko <E {0,1, . . . , k}}, we get a 

bijection ipk ■ Oi{k) — > 02{k) such that 4)k{Lka,k{A^i'')) — f^feo,2fc+i and ( |l.l|) may be rewritten 
as 



F(i,2)(e"('=«''°+('=-'^")^^)chL,,.fc(4^^)) , =dim,</>fc(ifc„,fe(4^0),fcoe{0,l,...,A;}, (L2) 

where dim* denotes the graded dimension (cL Theorem 2.2.1). From the viewpoint of representation 
theory, it is natural to ask whether Oi{k) and 02{k) are the same set of (inequivalent) simple graded 
objects in a semisimple category induced by the "equal level" representations of some algebraic 
structure (Problem 1). A weaker version of this question would be to ask whether there exists 
an algebraic structure for which the spaces ^^^^^(A^^-') and i^ko,2k+i are isomorphic irreducible 
graded modules for all /co G {0, 1, ... , k} (Problem 2). We conjecture that the answer to both these 
questions is affirmative, and we study various possibilities for such a structure. 

Let ly be the (1, 2)-specialization automorphism of sl(2,C). It is known that Vfe(A^^'') := 

L{kAo;A\^^) is a z^-rational VOA and that Lfc„^fc(5l(2, C)[z^]), fco G {0, 1, . . . , A:}, are all its simple 
i^-twisted modules (cL Theorem 3.1.5). Al though there are several ways of interpreting appropriate 
modifications of the left-hand side of (1.1), the most natural one appears to be that of the q-trace 
Xl^^iq) of the simple j/-twisted Vfc(A^^^)-module Lko,k{sl{2^)W]) (Theorem 3.2.1). 

In order to get similar interpretations of the right-hand side of (1.1), we first construct a cer- 
tain VOA fl°2k+i C L((2fc + l)Ao;yl^^^). This is done by means of the coset (or commutant) 
construction associated to the irreducible Fock space representation M{2k -I- 1) C V2fc+i(^2^'') := 
L(^{2k + 1)Ao;A'^'') of the Heisenberg algebras' C A'^\ The VOA ^2k+i actually a subspace of 
the vacuum space fl2k+i C ^2^+1(^42^') for the action of s', and the vacuum spaces ^ko,2k+i def ined 
above are cr-twisted ri^fe+i-modules. When modified appropriately, the right-hand side of (1.1) 
becomes the g-trace fko,2k+i{q) of the cr-twisted rijfc+i'^iodule i^ko,2k+i (Theorem 3.2.5). Identity 
(1.2) may then be written as ^ — fko,2k+i (9), so that in fact the equality is achieved only up 

to the transformation q q^/^ . In addition to that, both the ranks of the VOAs Vk{A^^^) and ^%k+i 

and the orders of the automorphisms v G Aut(Vfc(A^^-')) and cr g Aut(£2^^^^) differ by the same 
factor 2. By using the recently developed permutation orbifold theory (|BDM|), we can arrange to 
remove these differences. We endow Vk{A^i'')®'^ with a suitable VOA structure such that T4(A^^^)®^ 
is r-rational and the level k standard aJ'^ -'-modules are all its simple r-twisted modules, where r is a 
certain order 6 automorphism of Vk^A^'-p )®'^ . Then the q-trace ^ {q) of the irreducible r-twisted 
Vk{A^^^)®^-uYodn\e Xfc„,fc(A^')) coincides with fk„ak+i{q) and rank t4(A('))»2 = rank^fO^^+i (Theo- 
rem 3.2.7). Obviously, if S^2fc+i were to fulfill the requirements of Problem 1 then it would have to 
satisfy a rationality-like condition. The fact that ri^fc+i '^ot actually rational (cL Remark 3.2.4 
(i)) would therefore suggest that ^^2^+1 may be more appropriate for a solution to Problem 2 rather 
than Problem 1. However, this doesn't necessarily rule out f^2fc+i ^ potential solution to Problem 
1 as a VOA V may be a-rational for some a S Aut(V^) without being rational itself (cf. |DN|). 

Several questions arise naturally at this stage. One of these is w hethe r ^ka.2k+i, k^ ~ . . . ,k, 
are irreducible cr-twisted r2§j,^j^-modules. Although the results of | DM seem to indicate that this 
is actually true, for our purposes one would still have to deal with the question whether f^2fe+i ^^"^ 
VkiA^^^)®"^ are related by some VOA homomorphism. As we point out in the Appendix (for the 
case k — 1), these VOAs are definitely not isomorphic. Besides, the fact that Vk{A^^^)'^'^ contains 
weight one vectors while i^2fc+i does not is also rather inconvenient in this context. We choose 
therefore to embed i^2fe+i i^^o a larger structure, namely a simple GVOA in the sense of |DL1| 



which we denote by ^2k+i (Theorem 4.4.3). This is done in Section 4. In addition to the fact that 
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it certainly contains weight one vectors, we can also prove that ^2k+i irreducibly on the spaces 
^ko,2k+i without altering the g-traces fko.2k+i{q) (Theorem 4.4.8). As we explain at the end of 
§4.4, the GVOA i^2k+i appears to be a more appropriate object than the VGA ^2k+i ^'^^ further 
investigating Problem 1. Actually, the techniques that we use in Section 4 seem in fact flexible 
enough to allow the construction of structures even larger than ^2k+i that still satisfy the same 
properties (cf. Remark 4.4.9). Moreover, these techniques are easily adapted to a more general 
situation, and they may therefore be useful for an axiomatic study of the (yet-to-be-defined) notion 
of "twisted module" for a GVOA. The appropriate axiomatic setting once developed, the spaces 
^^fco,2fc+i should provide natural examples of simple "twisted modules" for the GVOA fl"^ 



The construction of fl 



2k+l 



and its action on Q 



2k+l- 

ko .2k+i a re ba se d on the theory of relative vertex 
It would be interesting to 



operators and the Z-algebra theory developed in DL1 |, [ DL2 |, | LW 
see whether structures and techniques such as simple current extensions of VOAs and intertwining 
operator algebras - introduced in | DL1 |, | DL2 |, | DLiM3 |, [HI], |Li3[ , |Li4| - provide additional 
tools for a continuation of the present work. Finally, one should also investigate whether similar 
duality-like properties hold for affine Lie algebras of higher ranks. 

This paper is organized as follows: in §2.1 we recall some basic facts about affine Lie algebras; 
in §2.2 we prove (1.2) and formulate the problems that we study in Sections 3 and 4. In §3.1 we 
review the results on GVOAs and their modules that we need for §3.2, where we construct the 
VOAs Vfc(A^^''), f^2fc+i' ^fc(^i^'')'*^ and reinterpret (L2) in terms of the representati on th eory 
of the se VOAs. In §4.1-§4.3 we change the setting by adapting the theories developed in [ DLl and 
[ DL2 to our particular case. In §4.4 we use this new setting to embed ^2k+i ^^^'^ ^^e GVOA ^2k+i 
and to prove that the latter acts irreducibly on the spaces ^ko.2k+i without altering their g-traces. 

Throughout this paper we shall use N for the nonncgative integers, Z+ for the positive integers, 
Q>o for the nonncgative rational numbers, and for the nonzero complex numbers. 
Acknowledgements. I would like to thank Chongying Dong, Mirko Prime, and Arne Meurman 
for useful suggestions and discussions, and the referee for his patience and constructive criticism. 



2. A DUALITY-LIKE PROPERTY FOR RANK TWO AFFINE LlE ALGEBRAS 

We first introduce a few notations and review some standard material on affine Lie algebras and 



their highest weight modules (further details may be found in e.g. |1K1[ , ||L1|] ). We then concentrate 



on the rank two affine Lie algebras and formulate the problems that we study in Sections 3 and 4. 

2.1. Preliminaries and notations. Let g be a finite-dimensional simple complex Lie algebra. 
Fix a CSA t of g and let /i be an automorphism of g of order r {— 1, 2, or 3) induced by an 
automorphism of order r of the Dynkin diagram of g with respect to t. Let e be a primitive r-th 
root of unity and denote by gj^j the e*-eigenspace of in g, i G Z,.. Then the fixed set g[o] is a 
simple subalgebra of g, the space b := gjoj n t is a CSA of gjoj, and the g[o]-modules gjij and B[~i] 
are irreducible and contragredient. Set / = rankgjg], and let . . . , C b* be a root basis of 
g [0] and {Ej,Fj,Hj \ j £ { 1 , . . . , Z } } a corresponding set of canonical generators of g [gj . Let (3o G & * 
be the lowest weight of the g[o]-module g[i], and let Eq and Fq be a lowest weight vector of the 
g[o]-module g[i] respectively a highest weight vector of the g[o]-module g[--i]. We assume that Eq 
and Fq are normalized so that [Hq, Eq] = 2Eq, where Hq = [Eq, Fq]. For i,j £ {0,1, ... ,1} define 
aij = j3j{Hi) and denote by A the matrix {aij)\ ^^q. Then A is an affine GGM, and so there are 
positive integers oq, . . . , a; such that (ag, . . . , ai)A^ — 0. Equivalently, there exist positive integers 
oo, . . . , di such that [clq, . . . ,di)A — 0. Both these sets of integers are assumed to be normalized 



so that gcd(ao, ...,&;) — gcd(a'o, . . . ,di) = 1. The integers h := X)j=o '^i ^^'^ ^ ■~ Sj=o 
then the Coxeter number respectively the dual Coxeter number of the matrix A. If g is of type 
{X — A, B , . . . , G and A^ > 1), then A will be denoted by x'j^\ We shall use the Dynkin diagrams 



are 



of the affine GGMs as listed in [KKLW|, that is, with the vertex corresponding to the 0-th index 
always occurring at the left-end of the diagram. The a^-'s are then the numerical labels next to the 

(2) 

vertices of each diagram. In particular, oq is always 1, while ab is 1 unless A is of type A^^^' {I > 1), 
in which case oq = 2. 

Let s = {sq, si, . . . , si) be a sequence of nonncgative relatively prime integers, and set T = 
r ^^-^Q SjUj. If is a primitive T-th root of unity, the conditions 

y{Hj)^H„ y{E,)^ij''Ej, j£{Q,l,...,l}, (2.1.1) 
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define a T-th order automorphism v of g, tfie so-called s-automorphism. The (1,0,..., 0)-automor- 
phism is just the original diagram automorphism /z. For j e let g^j-j be the Ty-'-eigenspace of v 
in g (j denotes here both an integer between and T — 1 and its residue class modulo T). The 
Z-r-gradation g = UjeZr accordingly called the s-gradation. Let (•,•) be a nondegenerate 

symmetric g-invariant bilinear form on g. Being a multiple of the Killing form, (• , •) is also v- 
invariant and remains nonsingular on the CSA b of g[o]. We may therefore identify b with b* by 
means of the restricted form. Furthermore, we may assume that (• , •) is normalized so that (/3o, /3o) = 



2ao/r, which then implies that dj = r{(3j, (3j)aj /2 for j = 0, 1, . . . , ^ (cf. [ KKLW , Proposition 1.1]). 
This normalization of the form (• , •) amounts to the condition that {a, a) —2 whenever a e t* is a 
long root of g, in which case the Killing form equals 2K{- , •). Define the Lie algebras 

flM = ©Jjo^Oo) '^^*C[t,i-^] © Cc, q[v] ^ q[v\ yi Cd, (2.1.2) 

by the conditions 

c central, c 7^ 0, [d,a® i™] = ma(^t"^, 

[a®f",6®r] = [a,b]®f"'+'' +mSrn+n,Q{a,b)c, ^^'^'^^ 

for m,n G yZ, a £ 0(mT mod T)i b E 0{nT mod T)i whcrc p mod r denotes the residue class of an 
integer p modulo T. For a € g(j), n S Z, we shall frequently use a{n + j/T) and g(n + j/T) to 
denote a(8)t""'"^/-^ and g(j) (g)i"+-'/^, respectively, and we often identify g(o)(0) with g(o). The space 
f) := b ® Cc (respectively, t)*^ := t) x Cd) is a CSA of g[j/] (respectively, g[j^]). Let (5 G f)*^ be such 
that = 0, S{d) = 1, and define aj € f)*^ by aj\b — I3j, aj{c) — 0, aj{d) = sjT^^ if j = 1, . . . , Z, 
and ao = r^^S — ^j'^j-^ that in particular a(^{d) = sqT^^. For j G {0, 1, . . . , Z} define also 

e, = t-+ , f, ^F,<E)t-^, hj = H, + jT^l^c. (2.1.4) 

Then {ej, fj,hj,d \ j g {0,1,..., Z}} is a system of canonical generators of g[j/], viewed as the 
j/-twisted affine Kac-Moody Lie algebra of rank I + 1 associated to the GCM A, in what is called 
the s-realization of this algebra. Note that the canonical central element c equals ^^j^^o-jhj, and 
let g[z/]j := {a G q[v] \ [d, a] = ia}, z e ^Z. The corresponding yZ-gradation — UieizSl*^]' 
then called the s-gradation of q[v]. 

Remark 2.1.1. (i) Let us temporarily denote by {e^, ft-^, d"^ | j G {0,1,...,^}} the canonical 



generators of g[j^] defined in (2.1.4). One can show that there are uniquely determined scalars 
xi, . . . ,xi such that the affine Lie algebras g[/x] and g[i^] are isomorphic (but of course not graded 
isomorphic) by the Lie algebra map defined by c i-^- c, c?^ i— > -I- J2k=i ^kHu, Sj 1— > e^, /j* 1— > /j', 
/i^^/ij, j = 0,l,...,L 

(ii) There are two particularly important realizations of an affine Lie algebra, namely the homoge- 
neous and the principal ones, given by the choices s = (1, 0, . . . , 0) and s = (1, 1, . . . , 1) respectively. 

Recall that a g[z^]-module V is said to be restricted if Q(j){n + j/T) • w = for any v E V and 
n ^ 0. In particular, any highest weight module is restricted. Given a restricted g[t/]-module V 
and a G g^j), we shall use generating functions of operators on V of the form 

a{iy;z) = ^a(n + j7r)z-"-*-l G (End l^) [ [z^/^, z"!/^] ] . (2.1.5) 

We shall often write Un+j/T when we think of a{n + j /T) as a coefficient of a(z^; z), and a(idg; z) will 
be denoted by a{z). We shall mostly consider highest weight modules with highest weight A g f)*^ 
satisfying A{d) = 0. The canonical central element c S g[i^] acts on a highest weight module V with 
highest weight A as multiplication by the scalar A(c), called the level of V. The character of V 
is defined as the formal infinite sum chV X^agij"* (dim Vx)e'^, where V = Ua<a weight 
decomposition. Note that e~^chy S Z[[e~"'', . . . ,e~"']] and let q be an indeterminate. Provided 
that Si > 0, < i < /, the sequence s = (sq, . . . , sj) defines a homomorphism of power series rings 

F,:Z[[e-"°,...,e-"']]^Z[[g]] 
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called the q-specialization of type s. Let j G N and set V, (s) = dcgX=j where deg (A — 
J2\=o ■= SLo (^0, ■■ ■,ki) e N'+^ Then V U^gN ^i(s) is t^e s-gradation of V and 

one has F,{e-^chV) = EjeN(dim^j(s))'?^'- 

For i = 0, 1, . . . , Z, let Ai £ P+ be the fundamental weight determined by Ai{hj) — 6ij, Ai{d) — 0. 
The standard g[j']-modules with highest weight A such that A(o?) — are then parametrized up 
to equivalence by arbitrary sequences {ko, ki, . . . ,ki) G N'+^ satisfying A = X)'=o ki^i- We shall 
interchangeably use the notations Lkg,...,ki-i.k{9[i^]), L{A; and L{A) (if no confusion is possible) 
in order to designate the level k standard §[j^]-module with highest weig ht A = ELo'^^^^■ The 
§[i/]-modules L(Aj), i — 0,1, ... ,1, are called fundamental, and the level one standard modules are 
called basic. Every standard module occurs in a tensor product of fundamental modules, and in 



fact every standard module of level k occurs in the tensor product of k basic modules (cf. | Ag]) 



2.2. Rank two afRne Lie algebras. We now apply the constructions described in §2.1 to the afRne 
Lie algebras A^j^'' and ^2'^'' , and we deduce a series of coincidences between specialized characters of 
certain standard representations of these algebras (Theorem 2.2.1). We then describe two ways of 
investigating the existence of conceptual explanations for these coincidences (Problems 1 and 2). 
Starting with g = s[(2,C), s — (1,0) and i/ = idg, one gets the "homogeneous picture" of 

the (untwisted) afFine Lie algebra s[(2,C), also denoted A^-^\ whose GCM is ( 2)' Taking 



instead s ~ (1, 2) and the corresponding (1, 2)-automorphism of g defined as in ( |2.1.1 ), one gets 

5[(2, C)[i/], that is, the (1, 2)-realization of A^^\ We shall use the standard basis {e, /, h} of s[(2, C), 
with [e, /] = h, [h, e] = 2e, and [h, f] = -2/. 

Let now g = s[(3, C) and denote by /i the negative transpose map of g. Then /i is a diagram 
automorphism of order 2 of g (^ is the outer automorphism induced by the automorphism of the 
Dynkin diagram of g - with respect to some appropriate CSA of g - which permutes the two simple 
roots). Note that the fixed set of in g is the 3-dimensional rank one subalgebra g[o] = so(3, C) 
(= s[(2,C)), while g[i] is the 5-dimensional subspace consisting of the symmetric traceless 3x3 
matrices. The discussion of §2.1 with s = (1,0) and fj, as the (1, 0)-automorphism leads then to 

the homogeneous realization of the twisted afhne Lie algebra s[(3, C)[/i], also denoted A^\ whose 
/ 2 -1\ 

GCM is . „ • Using instead s = (1,1) and the principal automorphism fi of g defined as in 



X "4 2 ^ 

( |2.1.1| ), one gets the algebra s[(3, C)[cr], which is the principal realization of ^2^''. 

We shall consider later on different realizations of the rank three untwisted afHne Lie algebra 
Aj^-*, obtained as in the previous section from g — sl{3, C) and = idg. 

Let k G Z_|_. Recall that the standard ''-modules with a highest weight A G P+ such that 
A(c) — fc = A{d) = are parametrized up to equivalence by pairs (fco, ^i) G N'^ satisfying 

A = fcoAo + fciAi, fco + fci = fc. (2.2.1) 



Note that there are exactly fc + 1 such distinct pairs. Suppose that A G P+ is of the form (2.2.1). If 
^0 + ^1 7^ 3fci + 1, then the following infinite product expression for the (1, 2)-specialized character 
of Lko,kiA^i'^) is a simple consequence of identity (11.1.12) in |MP2]: 



P(i^2)(e-''chLfe„^fe(A«)) = n (1-9")-^ (2.2.2) 



7i^O,2(fc + 2),±(fco+l), 
±(2fc-fco+3),±2(fc-fco+l) mod 4(fc + 2) 



If fc = 1 mod 3 and fco + fci = 3fci + 1 then identity (11.1.13) in | |MP2( | gives instead: 



F(i,2)(e-MiW^(4^)))= n (I-'?") n (l-O-^ (2.2.3) 

„=±H±t2i mod 4(fe+2) ,^m,2(k+2),±^l^+21, 

±i(h+21 „,„d4(fc + 2) 



The identities in [MP2| mentioned above were derived from the Weyl-Kac character and denominator 
formulas (|K1|) and Wakimoto's generalization of Lepowsky's numerator formula (p^l|, ||w|]). 



We now look at standard A2 -modules with a highest weight A G P+ such that A(c) = 2fc -I- 1 
and A((i) — 0. These are parametrized up to equivalence by pairs (fco, fci) G satisfying 

A^fcoAo + fciAi, 2fco + fci ==2fc + l. (2.2.4) 
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Note that there are exactly fc + 1 such distinct pairs. Define 



71— ±1 mod 6 



and let A S P+ be as in (|2.2.4D . The principally specialized character of L{A; A2 ) was expressed 
as an infinite product in |LM, Theorem 6.8] by means of the character, denominator and numerator 
formulas. One has: 

f^(i,i)(e-^chife„,2fe+i(Af )) = P{q) 



n 



(1-9") 



.n\-l 



(2.2.5) 



n^O,2(fc + 2),±(fco+l), 
±(2fc-fco+3),±2((:-fco + l) ™°<i ^Cs + S) 



if ko ^ and 



F(i,i)(e-^chL2^^,^^(Af )) 



(2.2.6) 



n 



n 



(1-9")" 



n=±- 



mod 4(fc+2) 



>i;S0,2(fc + 2),± "-'"^'^ . 
±lli^ ,„od4(fc + 2) 



if fco = ^^3-^ (which can occur only for k=\ mod 3). 

It is now obvious that except for the factor P((7), the right-hand sides of (2.2.2) and (2.2.3) 
coincide with those of ( ^.2.5 ) and (2.2.6) respectively. Therefore, for each positive integer fc we 
have a 1-1 correspondence 

{Lk,M^^) I fco e {0, 1, . . . , k}) ^ {Lk,,2k+x{Af) I fco e {0, 1, . . . , k}) (2.2.7) 
such that for every fco G {0, 1, . . . , fc} 

The presence of the factor P{q) in ( |2.2j[ )-J ^^ ) may be explained by the representation theory of 

the principal Heisenberg subalgebra of 5l(3, C)[cr], where a is as before the principal automorphism 
of s[(3, C). More precisely, P((i) is the rescaled graded dimension of the fermionic twisted Fock space 

representation at level 2fc + 1 of this Heisenberg algebra. Indeed, let r : s[(3, C)[(t] — > sl(3, C)[cr]/Cc 

be the canonical Lie algebra map, and note that the principal gradation of s[(3, C)[(t] is actually a 

iZ-gradation. Consider the following subalgebras of s[(3, C)[(t]: 



s|(T| = T M Cent 77r^>r , ,^„T(eo -I- ei) j X Cd, s[o-]' = [s[cr],s[o-]] , 



(2.2.8) 



s[(3,C)[cr]/Cc 

s[(t]'j_ — C-span{a; G s[o-]' | idega; > 0}, 

where eo and ei are as in (|T|). Then s[f7]' = s[cr]'_ © Cc © s[ct]+, and one can show that the 
commutator subalgebra of s[f7]' is one-dimensional and coincides with Cc (see Remark 3.2.3). Hence 

s[cr]' is a Heisenberg Lie algebra, called the principal Heisenberg subalgebra of s[(3, C)[cr] (cf. [ |LW| ). 
Define a (s[(t](|_ © Cc)-module structure on C by c • 1 = (2fc -|- 1) • 1, s[fT]'_^ -1 = 0, deg 1 = 0, and 
form the induced s[(t] '-module 

M(a- 2fc + 1) = U{l{a\) ®v(i\.]'^®Cc) C, (2.2.9) 

which acquires a ^Z-gradation by letting d act as the degree operator. Then M(a\ 2k + 1) is an 
irreducible s[(T]'-module which is isomorphic to S{s[a]'_) as a ^Z-graded vector space. Recall that 
the vacuum space of an arbitrar y '-modu le V is the (^Z-graded) subspace ily — {v £ V \ 
s[o-]^ • V = 0}. If A e P+ is as in ( 2.2.4[) , then [|FLM| , Theorem 1.7.3] imphes that when viewed as a 

s[cr]'-module, Lkg,2k+i{5ii3,C)[a]) decomposes as 



ifeo.2fe+i(s[(3, C)[a]) = M{a- 2fc + 1) ® nk„,2k+i - S{5[a]'_) ® r!fc„,2fc+i, 



(2.2.10) 



where ilk„ 2fe+i '■— i rr^w ^ is the vacuum subspace of Lfe„ 2fc+i(sK3, C)[ct]) for the action 



of s [u] ' . It is then easy to see that 

i^(i,i)(e-('=o^«+(^'^-+i-2'=o)A.)chL,„,2,+i(42))) 



(2.2.11) 



dim* Lko,2k+i{sl{^, C)[a]) = dim* 5'(s[a]'_) dim* ilfco,2fc+i = Piq^^ ) dim* Qko,2k+i, 
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where dim* denotes the graded dimension (cf. ]FLM , §1.10]). Set 



Oi(fc) - {Lfc„^fc(4'^) I fco e {0,1,..., A:}}, 02ik) = {nko,2k+i \ h £ {0,1, . . . ,k}}. (2.2.12) 
We conclude that ( p. 2. 7 ) can be restated as follows: 



Theorem 2.2.1. For each positive integer k there is a bijection 

0fc :Oi(fc) ^02(fc) (2.2.13) 

k+1, fco S {0, 1, . . . , k}, 

such that 

F(i,2)(e-('=»^«+('=-'=«)^^)chLfe„,fc(A«)) , =dim.,<t>k{Lk„.k{A'^)) 

for every fco G {0, 1, . . . ,k}. □ 

One is naturally led to assume that a deeper reason may lie behind the bijections (/)fc, which 
in fact suggest a new kind of duality between appropriately defined module categories for A']^^ 

(2) 

and ^2 . From the viewpoint of representation theory, natural approaches for finding conceptual 
explanations to Theorem 2.2.1 would be the following: 

Problem 1. Are Oi{k) and 02{k) the same set of inequivalent simple graded objects in a semisimple 
category induced by the "equal level" representations of some algebraic structure? 

Problem 2. Does there exist an algebraic structure for which the spaces ^^^^^(A^^^) and ^kQ,2k+i 
are isomorphic simple graded modules for all fco G {0, 1, . . . ,k}? 

The "equal level" representations in the formulation of Problem 1 are of course to be understood 
in a broad sense, by analogy with the (highest weight) modules of fixed level for an afBne Lie 
algebra, the (unitary) Fir-modules of fixed central charge, the modules for a (rational) VOA with 
prescribed rank, etc. Problem 2 is obviously a weaker version of Problem 1 and we shall therefore 
concentrate mainly on the latter. We conjecture that Oi(fc) and 02{k) are in fact the same set of 
simple twisted modules for a (rational) VOA or a related structure, and we produce some evidence 
in this direction in Sections 3 and 4. 

Remark 2.2.2. From a Lie-algebraic point of view, the natural candidates for the algebraic struc- 
tures of Problems 1 and 2 would be some (appropriately infinite-dimensional) Lie algebras. For 
instance, one could try to construct suitable A^^^-module structures for the spaces in 02{k). Al- 
though there are several ways of embedding A^^'' into ^2^' , these procedures are not likely to serve 

our purposes mainly because they fail to make the spaces i^ko,2k+i become ■'-modules (see also 
Remark 3.2.6 for a somewhat similar point of view). Let us consider as an example the follow- 
ing elements of A^^^: ej, = i [eo, [[[cq, ei], ei], ei]] , = ^ [/o, [[[/o, /i], /i], /i]] , e[ = ei, /( = /i. 



H'q = 3hi + SHq, h[ = hi, where Ci, fi, hi, i = 0, 1, are as in ( p.l.4| ). Then {e-, //, /i- | i G {0, 1}} 



generates a subalgebra a of A':^' which is isomorphic to the affine Lie algebra AY' with canonical 

(2) 

central element c' = h'Q + h[ = 4c (where c is the canonical central element of ^2 ) i so that one may 
identify a with the f ull sub algebra of A^^^ of depth 4. However, the action of o on L(A;s[(3, C)[cr]) 



(1) 



A G P+ being as in (2.2.4) - does not centralize the action of the Heisenberg algebra s[(t]' defined in 



(2.2.S ), and so the corresponding vacuum space ^^j-y^^.sT^J^-jjg.]) ^'-'^ necessarily a- invariant. More- 



over, the principal realization oi A^^ induces on a = A'"^^ the gradation of type (5, 1) - and not (1, 2) 
as needed - and the level of L(A;s[(3, C)[cr]) viewed as an a-module increases to A(c') — 4(2fc + 1). 

3. Standard modules for a''-^^ and Aj^^ as representations of VOAs 

In this section we give a first approach t o Pro blem 1. We s tart b y noticing that after some ap- 
propriate modifications, expressions ( 2.2.2 )-( 2.2.3| ) and ( 2.2.5 )-( 2.2.6 ) become the g-traces of certain 



(twisted) modules for VOAs associated to vacuum representations of A^^"^ and A^"^ respectively. As 
it was previously indicated, the ultimate goal would be to interpret both Oi{k) and 02{k) as the 
same set of equivalence classes of irreducible (twisted) modules for some rational VOA or a related 
structure. We study various possibilities for such a structure. 
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3.1. GVOAs and modules. We review here some necessary background on GVOAs and their 
modules. For the formal calculus involved and further results we refer to |b], |FLM|, |FHL|, |DL1|, 

ILaj, @. 

Definition 1 ( JPLl |). Let S G Z_|_ and let G be a finite abelian group endowed with a symmetric 
nondegenerate ^Z/2Z-valued Z-bilinear form: 

ig,h) e iZ/2Z for g,h€G. 

A generalized vertex operator algebra of level S associated with the group G and the form (• , •) is a 
vector space V with two gradations 

V = Y[ Vn=]J_V^ with wt{v) = n for t; e K, 



ne^Z 



geG 



such that 

l/f = ]J yff , where = \4 n for any g e G and n e iZ, 

dim Vn < oo for all n G ^Z, V^j = for n ^ 0, 
which is equipped with a linear map 

Y{-,z): y ^ (Endy)[[2i/^,z-i/^]] 

and with two distinguished vectors 1 G Vg, uj G V2, satisfying the following conditions: for any 
g, h £ G, u,v £ V and to S -jZ 

UrnV' C if U€ V», 

UmV = if TO ^ 0, 
y(l,z) =idy, 

Y{v, z)l e V[[z]] and lim Y{v, z)l = v, 
Yiv,z)\^,= v„z'"-' ifveV^ 

n={g,h) mod Z 

(i.e., n + 2Z = {g,h) mod Z/2Z); if -u e and i; G F'' then the following generalized Jacobi 
identity holds: 



-if Z l- Z2 

zo 



(g.h) 



Zl - Z2 

zq 



_l( Z 2 - Zl 

Zq 



{g.h) 



Z2 - Zl 

-Zo 



Y{u, zi)Y{v, Z2) 
Y{v,Z2)Y{u,zi) 



= z-M Y{Y{u, zo)v, Z2) 

where 5{z) = J2nez ^^'^ whenever k E G and w £ , 



Zl — Zq 
Z2 



Zl — Zq 
Z2 



Ul 



Zl — Zq 
Z2 



'{g.h) 



Zl — Zq 
Z2 



vu; 



furthermore, for any m,n £ Z one has 



[L{m),L{n)] = (m - n)L(m + n) + — (to^ - TO)5„i+„^o(i'ank F)idy, 

where L{n) — iVn+i for n e Z, i.e., Y{uj, z) ~ J2nez L{n)z^^^^, rankl/ e C, and 
L{0)v = nv = wt{v)v for n G 4Z, v G Vn, 
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Y{L(~l)v,z)^—Y{v,z). 

dz 

This completes the definition of a generalized vertex operator algebra (GVOA). The GVOA defined 
above is denoted by (V, Y, 1, lj, 5, G, (• , •)) or simply by V if no confusion is possible. 



A ^Z- graded VOA is a GVOA of level S associated with the group G = {0}. Following |DLiMl| , 
we call a GVOA of this type a Q-graded VOA. A VOA is then a Q-graded VOA of level 1. 



Definition 2 ( [jPLlI ], |lDLiMl[ ). Let {VY, 1,uj, S) be a Q-graded VOA. A weak V-module is a pair 
{M,Ym), where M is a vector space and Ym{-,z) is a linear map V (End M) [[z^/'^, z"-^/'^]] 
satisfying the following: 1^/(1,2) = idjv/, z^^YMia, z)u £ M[[z^/'^]] for any a £ V, u £ M, and 
n € sufficiently large, YM{L{—l)a, z) = ^Y/\,f(a, z) for a e V, and the Jacobi identity 



Zn'S 



Zl - Z2 



z:;^5 



zo 

Zl - 



YM{a,zi)YM{b, Z2) - z„ 



Z2 - Zl 

-zo 



YM{b,Z2)YM{a,zi) 



zq 



Z2 



YM(Y{a,zo)b, Z2), 



for a,b &V. A weak V-module (M, Ym) is called a (ordinary) V-module if L(0) (= KeSzzYM{io, z j) 
acts semisimply on M with the decomposition into L(0)-eigenspaces M = IJ/jgc such that for 
any h E C, dimil/;i < 00 and Mh+n = for n € ^Z sufficiently small. A (^-graded weak module 
is a weak V-module (M, Ym) together with a Q-gradation M = ]J„gQ Af„ such that amMn C 
Afr+ri-?ri-i for « S V-, T, m G -|Z, n S Q. An admissible V-module is a Q>o-graded weak V- 
module. A Q-graded VOA V is said to be rational if every admissible V-module is completely 
reducible, i.e., a direct sum of simple admissible V- modules. 

Let (V, V, 1,0;) be a VOA with an automorphism cr of order T. Set V'^ = {a G V | cr(a) 
exp{2kTri/T)a}, < fc < T - 1, so that V = ^ 



V" 



Definition 3 (|BDM|, |DLiM2|). A weak a-twisted V-module is a pair {M,Ym), where M is a 
vector space and Ym{-,z) is a linear map V ^ (End Af ) [ [z-*^/-^, z^^/-^] ] given by a YMia,z) = 



neQ ' 



such that for a, b € V and u G Af the following hold: a„M = if n ^ 0, 



Vm(1, z) = idjM, VM(a, z) = E„efc/T+z 



for a G V*"', and the twisted Jacobi identity 



Zn'S 



Zo 

Zl - Zq 
Z2 



YA/(a, zi)YM{b, Z2) - Zq ^6 



Z2 - Zl 
-Zq 



VAf(6, Z2)VM(a,2i) 



Zl — Zq 

2:2 



FM(F(a,zo)6, Z2), 



for a G V*"', 6 G V. A weak cr-twisted V-module (Af, Yj/) is called a (ordinary) a-twisted V- 
module if L{0) acts semisimply on Af with the decomposition into i(0)-eigenspaces Af = O^gc 
such that for any /i G C, dimAf^ < 00 and Af;i+„ = for n G yZ sufficiently small. A yZ- 
graded weak a-twisted V-module is a weak cr-twisted V-module (Af, Ym) which carries a ^Z-grading 
Af = ]J ^ i,^Mn such that amAf„ C Afj.+n-m-i foi' a G Vr, r G Z, TO, rt G ^Z. An admissible 

a-twisted V-module is a ^N-graded weak a-twisted V-module. A VOA V is said to be a-rational 
if every admissible cr-twisted V-module is completely reducible. 



It was shown in |DLiM2| that if {M,Ym) is a weak cr-twisted V-module then the component 
operators of Ym(w,z) together with idM induce a Vir-representation on Af with central charge 
rankV and YM{L{—l)a, z) = -j^YM{a, z) for a G V. It was further shown in loc. cit. that a a- 
rational VOA has only finitely many isomorphism classes of simple admissible cr-twisted modules 
and that every such module is an ordinary cr-twisted module. 

The following are consequences of the above definitions (cf. [Li2|): if V is a VOA, a G Aut(V) 
has order T, < /c < T - 1, a G V^, & G V, and (Af, Ym) is a weak cr-twisted V-module then 



[YM{a,zi),YM{b,Z2)] = 



YMiY{a, zo)6, Z2) = Res^i 




Zl — Zq 
Z2 



Zl ~ Z2 

Zq 



YMiojb, Z2), 



YMia,zi)YMib, Z2) 



(3.1.1) 
(3.1.2) 
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- Zg ^5 YM{b, Z2)YM{a, zi) 

These formulas reduce to the ordinary commutator respectively associator relations for VOAs by 
taking M — V and a = idy. As in the untwisted case (cf. m Lemma 1.2.1]) one can prove: 

Proposition 3.1.1. Let V he a VOA with an automorphism a of order T . If M is a simple 
admissible a-twisted V -module such that M — IJ„giN-A^^ri o,nd AIq ^ 0, dimMo < oo, then there 
exists hm g C such that L{0)\^^ = (n + /ijv/)idjj,j^ for all n G yN. □ 

By Proposition 3.1.1, one may write the g-trace (conformal character) of an irreducible cr-twisted 
^-module M — IJ„g j.^ M„ as the following formal power series 



oo 

tr^^/(0)-^^ = qhM-^^ ^(dimM^)g^. (3.1.3) 

n=0 



Obviously, any admissible tr-twisted F-module with finite-dimensional L(0)-homogeneous subspaces 
has a well-defined g-trace. 

Proposition 3.1.2 ( pLiM2| , pia||). Let {V,Y,l,uj) be a VOA of rank r G C and suppose that 



h £ V is such that L{n)h ~ Snfih, hnh — (5„^iAl for n G N, where A G C. Then (V, Y,1,uj + /i_2l) 
is a vertex algebra of rank r — 12A. 

Remark 3.1.3. The vector u; + /i_2l becomes a new Virasoro element of V, on which it induces a 
C-gradation instead of the original Z-gradation without altering the other axioms in the definition 
of a VOA. We shall use Proposition 3.1.2 only when the new Virasoro vector induces a ^Z-gradation 
on V for some S* G Z+ so that the new structure becomes a Q-graded VOA (cf. Definition 1). 

We now describe briefly the VOAs associated with afhne Lie algebras, which are sometimes called 
affine VOAs (cf. ]K2| ). Let g be a finite-dimensional Lie algebra with the form (•,•) normalized as in 
52.1, and form the associated untwisted afhne Kac-Moody algebra g = g x Cd as in ( p.l.2| )-( 2.1.3D . 



Set 0>o — ffin>ofl("-) ffi Cc Cd and let —li 7^ Z G C. Define a fl>o-module structure on C by 
c - 1 = M, d - 1 = 0, g(n) • 1 = for n > 0, and form the induced §-module N{lAo) = C/(fl) '8'(7(g>t,) C 
(the so-called vacuum representation of g at level I). Note that iV(^Ao) is a restricted g-module 
such that N{lAo) = ?7(®„<o g(«)) as vector spaces, and that we may identify g(— 1) (8" 1 with g. 
Set 1 = 1 (X) 1 G iV(^Ao) and define the element 

dim 

2{l + h^ ^ 

where {a^ \ j G {1, . . . ,dimg}} and {V \ j G {1, . . . ,dimg}} are dual bases of g with respect to 
(•,•). RecaU from ( ^.1.5| ) the series a{z) in this case and define the map 

Y : g(-l)l (End A^(/Ao))[[z, z'^]] (3.1.4) 

y(a(— l)l,z) — a{z), a G g. 



^ = T^r, ?7 Y a^'(-l)6^(-l)l G 7V(/Ao), 



One can show (cf., e.g., | MP2 , Theorem 2.6]) that Y extends uniquely to N{IAq) in such a way that 
N{lAo) becomes a VOA with vacuum vector 1 and Virasoro element oj such that g(— 1)1 = N{IAq)i 
(the weight one subspace of N{lAo)). Moreover, given any restricted g-module AI of level I, there 
is a canonical extension to N{lAo) of the map 

Ym : g(-l)l (EndAf)[[z,z-i]] 

YM{a{-l)l, z) = a{z), a G g. 



such that (M, Ym) becomes a weak 7V(IAo)-module (cf. pLl| , Q, |MP2( ]). Let finally 



A^^(/Ao) be the (unique) maximal proper g-submodule of A^(/Ao) and notice that we may identify 
the irreducible quotient N{IAq)/N^{IA[)) with the standard g-module L{1 Aq). We summarize some 
of the results of the above-mentioned papers in 

Theorem 3.1.4. For each I ^ -K, (A^(/Ao), y, 1, w) is a VOA of rank ^ff^ generated by g(-l)l 
and any restricted g-module of level I is a weak N [I Aq) -module. Every Q-submodule of N{lAo) is an 
ideal of NQAq) viewed as a VOA. In particular, there exists an induced structure of simple VOA 
on L(l Aq). If I is a positive integer, then L{1 Aq) is rational and the set of equivalence classes of 
simple L{IAq) -modules is exactly the set of equivalence classes of standard Q-modules of level I. 
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Any automorphism a of order T of g preserves the form (•,•) and induces a Lie algebra automor- 
phism of g. Since the VOA 7V(/Ao) is generated by N{lAo)i = 0(— 1)1, it follows from the associator 



formula for VOAs that a induces a VOA automorphism of N(lAo) (cf. [Lia, Proposition 6.20]). It 
is easy to see that N^{lAo) is invariant under the induced VOA automorphism. Hence a induces a 
VOA automorphism of L{lAo) as well. We denote these induced VOA automorphisms again by a. 
If M is a restricted g[(T]-module of level I, the map 

Y,"j : 0(-l)l ^ (EndAf)[[zi/^,z-i/^]] (3.1.5) 
y;,(a(-l)l,z) = a(a;z), 

for a S , j — 0, . . . , T— 1, has a unique extension to N{lAo) that makes (Af , Y^^) a weak a-twisted 
iV(ZAo)-module. This is a consequence of the theory of local systems of twisted vertex operators 
developed in ]Li2| , where the following result was obtained. 

Theorem 3.1.5. Let I ^ —K be a complex number. Then any restricted Q[ij]-module of level I is 
a weak a-twisted N{lAo)-module. If I is a positive integer, then i(/Ao) is a-rational and the set of 
equivalence classes of simple a-twisted L{1 Aq) -modules is precisely the set of equivalence classes of 
standard Q[a]-modules of level I. 

Given a £ flfj) , ^ € fl; and a restricted g[(7]-module M of level I, one gets from the affine Lie 



algebra relations ( 2.1.3 ) that 



[a{a;z,),bia;z2)]=z^'(fysf^\a,b]{a;z2) + {a,b)-^^^ i^] ]Mm (3.1.6) 



rr \ It — \ It \ IT ^ 

in (EndM)[[z]^ ,2]^ , ^2 JJ- Following [DLl], we define a (noncommutative) "normal 



ordering" operation for a G g^j, b G m S ^ + Z, n e ^ + Z, by 

_ /am6„, if m < 0, 
6„a„, it m > 0. 



Using the computational techniques of |Li2| one can then easily prove: 



Lemma 3.1.6. Let M be a restricted ^\(j\-module of level I, and let a € Q(k), b G fl(-fc) f'^^ some 
fixed k € {0, . . . , T — 1}. Then 

n'^(a(-l)6(-l)l, ^) - E ( E x«(" + klT)b{s - {n + k/T)) I (3.1.7) 

- I [a, b]{s) - (a,5)<5,,o 

In particular, 

Res, zrj,^(a(-l)6(-l)l, z)=^la{n + k/T)b{- {n + k/T)) (3.1.8) 

nez 

-^[a,b]{0)^{a,b)(^^MM. □ 

Recall finally that given two VOAs {Vi,Yy, , l^. , ); * — 2, one may define the tensor product 
VOA (Fi 1^2 , 1; , 1« , w« ) by setting 

Y^ (ai (Ki 02, z) = (oi, z) (g) (02, z) for a., e Fj. 

The new VOA is endowed with the tensor product grading and the central charge for the Virasoro 
algebra relations becomes rank(Vi <8i V2) = rankVi + rankV2. 
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3.2. Structures associated to standard modules for A^j^\ A'^\ and We start our 

discussion of Problem 1 with some remarks on the objects in Oi(fc), namely the level k standard 
ylj^^-modules. By Theorem 3.1.4, Vk{A[^^) := L{kAo;A'i^) is a rational VOA of rank ci(fc) := 

and the level k standard A^^^-modules are precisely its simple modules. These modules have q- 
traces which are essentially the same as their homogeneously specialized characters when viewed as 
^^^''-modules, but we need a setting that makes the former agree with the (1, 2)-specialization of 
the latter. There are two natural and compatible ways to achieve this, as we shall now explain. 

Recall from §2.1 the standard basis {e, /, h} of s[(2, C) and the form (•,•), and note that {h,h) = 
2(e,/) = 2, {h,e) = (hj) = 0. A Virasoro element of VkiA[^^) is then given by 



1 



1 



2(fc + 2) 

Let u} = u + ift,(--2)l and Y{u;, z) — X^nez 
L(0) = L(0) - \h{Q), and 



L{n)z 



2 

Then 



e(-l)/(-l)l + /(-l)e(-l)l + -H-in e 



(3.2.1) 

(3.2.2) 
(3.2.3) 



[L(0), e(n)] = - i^n + - j e(n), [Z(0), f{n)] = - j^n - - j /(n), 

[L{Q),h{n)] = -nh{n) for n G Z. 

By Proposition 3.1.2 and Remark 3.1.3, (Vfe(A^^^), F, 1 ,(2;) is a iZ-graded VOA of rank ci(fc) := 
ci(fc) — Since k e Z+, it follows from [ pLiM5| , Theorem 3.7] that the set of inequivalent simple 
weak (Vfc(Aj^''), y, 1, cl;) -modules is exactly C'i(fc). Moreover, ( ^.2.3| ) implies that for ri e N, e(n) 
f{n + 1), and h{n + 1) have negative degrees with respect to the operator L(0), so that by | DLiMl 
Theorem 2.20] any weak (in particular, any admissible) (Vfc(A^^-'), F, 1, ti)) -module is completely 
reducible. Thus {VkiA[^^),Y,l , w) is a rational ^Z-g raded V OA of rank ci(fc) and C'i(fc) is the 



complete set of its inequivalent simple modules (cf. |DLiMl, Theorem 3.14]). By analogy with 



(3.1.3), the g-traces of these modules are the modified graded dimensions induced by L(0): 



tr. 



L(0)- 



where h^g^k G C is the lowest weig ht of Lko,kiA'-^^) with respect to i(0). Using ( ^.1.8| ), ( |3.2.l| ) and 
( 3.2.2 ) one easily gets that 

3fcg - 2kok + 2ko - 2k 



E 

n=0 



(dimLfc„,fc(A«)^)<7 



(3.2.4) 



12(fc-K2) 



(3.2.5) 



while ( |3.2.S ) implies that 



£(dimLfe„,fe(A«)„)qt = i^(i,2)(e-'=°^''-'=^^^chLfe„,fc(4^))) 

n=0 

which substituted in ( 3.2.4| ) gives 



,g-feoAo-fciAichLfc„,fc(41))) 



(3.2.6) 



Up to the indicated modifications, the characters ( 2.2.2| ) and (2.2.3) may therefore be interpreted 
as the g-traces of the simple modules for the rational iZ-graded VOA (Vjt(A^^-'),y, l,a)). 

Alternatively, one may view these modified characters as the q-traces of the simple z^-twisted 
modules over the i^-rational VOA {VkiA^i^), Y, 1, w), where v is the (1, 2)-automorphism of s[(2, C) 
given by i>{h) = h, v{e) = exp(47ri/3)e, i^(/) = exp(27ri/3)/. Indeed, let us denote the canonical 
generators of s[(2, C)[h'] as in Remark 2.1.1 and notice that h = |(/ii — 2/io). Obviously, the degree 
operator d" of s[(2, C)[z^] induces a ^Z-gradation on Lkg,k{5i{2,C)[i']) , and one has 



5](dimifc„,fc(s[(2,C)M)„)<zt ^F(i,2)(e-'=°^°-'=^^^chLfe„,fc(AW))|_^_^^ 

n=0 



(3.2.7) 
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On the other hand, | (ifc^jt (s[(2, C)[j/]) , F"^) | ko G {0, 1, . . . , A;}} is the complete set of simple 

^/-twisted modules for the i^-rational VOA (Vfe(A^^-'), F, 1,lu) by Theorem 3.1.5. From the twisted 
commutator formula ( p.l.l| ) one gets that 

[L(0), e{n + 2/3)] = -{n + 2/3)e(n + 2/3), [L{0),f{n + 1/3)] = -{n + l/3)/(n + 1/3), (3.2.8) 



where L(0) = Res^zr'^(w, z). By ( |3.2.7|) and ( |3.2.8|) the q-trace of Lfco,fc(s[(2, C)^) is 



tr 



L,o,,(jil(2,C)M)'^ 



(3.2.9) 



= J^(i,2)(e-'°''''-'^^^chLfc„,fc(A«)) 



where /i^^ G C is the lowest weight of Lfc„ jt(s[(2, C)[z^]) with respect to the operator i(0) of 
( |3.2.^ ). The value of h^^^^ is easily obtained from (|3.1.8[) and (|3.2.lD : 



"■fcn./c — 



Then (|3.2.5| ) and (^.2.10| ) yield 

~ci{k) 



lkQ,k 



— h'^ 



9fc^ - 6fcofc + fc2 + 6fco + 2A; 

36(fc + 2) ■ 

ci(fc) _ ISfc^ - 12fcofc + 2P + 12/co - 5fc 
72(A: + 2) ■ 



(3.2.10) 



(3.2.11) 



K 



24 24 
It now follows from ( p.2.6| ), ( |3.2.9D and ( p.2.1lD that 

x.o,.('z)-x;,.(g)- (3.2.12) 

Summarizing, we have 

Theorem 3.2.1. (i) {Vk{A^i ^),Y,l , a)) is a simple rational ^Z-graded VOA of rank ci(fc) and the 
complete set of its inequivalent simple modules is {(^Lk„.k{A\^'^),Y^ \ ko G {0, 1, . . . , fc}} . 
(ii) (Vfc(j4^^''), y, 1, is a simple V -rational VOA of rank ci(k) and the complete set of its inequiva- 
lent simple V -twisted modules is { (LfcQ_fc(s((2, C)[z^]) , ) , fco G {0, 1, . . . , fc}}. 
(Hi) The q-trace of (^LkQ.k{A^^^),Y^ and the q-trace of (^Lko^k{5l{2,C)[i']^ ^Y"^ satisfy 

x.o,'.(«) = x;,,('z) = ^(i,2)(e-'=°^°-'^^^chifc„,fc(A«)) 

for every fcg G {0, 1, . . . , fc}. □ 

As we mentioned in the introduction of Section 3, an ideal answer to Problem 1 would be that 
C'i(fc) and 02{k) are in fact the same set of simple modules for a rational VOA-like structure such 
that appropriate modifications of the characters (2.2.2)-(2.2.3) are the g-traces of these modules. 
If true, this would almost certainly require some modular invariance properties from the functions 
XfeQ &(■'') '■— Xko ki^'^'^")i where q — e^'^*'^, 3(t) > 0. Indeed, it was proved in |^ that the linear span 
of the g-traces of all the simple V^-modules becomes a (finite-dimensional) module for the modular 
group in case V is rational and C2-finite, i.e., the space {a_2& | a, 6 G V} has finite codimension in 
V . This modular invariance property has been generalized in a suitable sense to z/-rational C2-finite 
VOAs in |DLiM4]. Since most of the known i/-rational VOAs - including (T4(A^^^), F, 1, w) - are 
C2-finite (cf. loc. cit.), Theorem 3.2.1 implies that the characters k do in fact satisfy the modular 
invariance property in the sense of [DLiM4]. Moreover, it can be shown that Xk„ & ^ modular 
function for some subgroup of finite index of the modular group (|Bo]). 

Rem ark 3.2.2. The above construction of i/- twisted modules from untwisted module s foll ows from 
l Li2 , Proposition 5.4]. A different but essentially equivalent construction was given in ]Li3| by using 
the restricted dual and a certain automorphism, a procedure which in our case basically amounts 
to the change of Virasoro element. Since in the present situation all finite order automorphisms are 
inner, the previous constructions are actually a reflection of the fact that under the deformed action 
associated with the semisimple weight one primary vector \h = A/i_il, A G Q, the simple (adjoint) 
module Vk{A'"^^) is a so-called G-simple current in physical terminology, where G is any torsion 
subgroup of Aut(VA;(A^^'')) that contains exp(27riAft-(0)) (cf. |DLiM3 ]). Although such deformed 
actions also work for general modules, the simple current modules are particularly important from 
a physical point of view. This is mainly because they give rise to a tensor functor which acts as a 
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permutation on the set of equivalence classes of irreducible weak modules (the associated matrix 
of the left multiplication of the equivalence class of a simple current module with respect to the 
standard basis of the Verlinde algebra is a permutation). We refer to |DLiM3|, |Li3|, and |Li4| for 
an in-depth discussion of simple current (twisted) modules and various simple current extensions of 
VOAs. 

We now concentrate on the objects in 02(k), namely the spaces ^ko,2k+i defined in ( 2.2.1Cl|) . 
More specifically, we show that these spaces are twisted modules for a certain VOA lying inside 
L((2/c+l)Ao;4^^) in such a way that their g-traces are well defined and actually equal to x'^ ^il^^^)- 

Recall the setting and notations of §2.1-2.2. In particular, fi is the minus transpose map of 
5[(3, C), and s[(3,C)[j] is the (— l)'-eigenspace of ^, i = 0,1. Since s[(3,C)[o] = s[(2, C), we 
may choose a basis {Ei, Fi, Hi} of 5[(3, C)[o] such that [Hi,Ei] = 2Ei, [Hi,Fi] — — 2Fi, and 
[Ei,Fi] = Hi. Then Hq := [£^0:^0] = ~Hi/2, where Eq and Fq are a lowest respectively highest 
weight vector of the 51(3, C)[o] -module s[(3,C)[i], normalized so that [Hq,Eq] — 2Eq. The CSA s 
of 5[(3, C) is chosen to be the principal one, that is 

s = Cent„(3,c)(£^o + ^i) = C-span {£;o + ^i, 2Fo + FJ. (3.2.13) 

The form (•,•) being normalized as in §2.1, one has that 

{Eq,Fo) = 1, {Ei,Fi) = 4, {Hi,Hi) = 8, [Hi.Eo] = ~4.Eo, [i?i, Fq] = AFq. (3.2.14) 

Let 77 — exp(7ri/3) and recall from ( [2.1.1| ) the principal automorphism a of s[(3, C): 

a{Hi) - H„ a{Ei) ^r]E,,i^O, 1. (3.2.15) 

Equivalently, a = cxp (7rzad(_ffi)/6)/i. Define the following elements of s[(3, C): 



ai = ^{Eo + El), a2 = \{2Fq + Fi), = ^i2Eo ~ Ei), 04 - ^(4Fo - Fi), 
05 = -j[Ei,EQ\, ag = 2 ^ '2^/2^^' 2^6 t-^i' -^"1] ' 



(3.2.16) 



and let tt = (12)(34)(56) g S^- Then {a, | i e {1,...,8}} and {a^(,) | i e {1,...,8}} are 
CT- homogeneous dual bases of 5l(3, C) such that 17(0^) = 770;, i = 1,3, 17(0^) = 77^ a^, i = 2,4, 
"■('^5) = '7^05, a{aQ) — Tj'^aQ, a{a'j) = ay, a{a^) = rfa^, and {ai,a2}, {a2,ai} are cr-homogeneous 
dual bases of s. Consider now the following subalgebras of s[(3, C): 

s = s® C[i,t-i] © Cc, s = s X Cd, I' = [s,s], s'± = 5®t^^C[t^\ (3.2.17) 

Notice that s' — 0s'_ © Cc is a Heisenberg Lie subalgebra of s, and form the induced irreducible 
5-module (which is irreducible even as an s'-module) 

M{2k + 1) = C/(s) ®u(.®cmcc) C, (3.2.18) 

where s (8) C[t] acts trivially on C while c acts as multiplication by 2fc 4- 1. Recall that M{2k + 1) = 
S{s'_) as vector spaces, and that the action of s extends to s by letting d act as the degree operator, 
so that M{2k 1) acquires thereby a Z-gradation. 

Remark 3.2.3. Notice that S(i) = Cai and S(5) = Ca2, and let 

5[a] = S(i) ® t^/^C[t, t-i] © S(5) (g) t^/^C[t, t-^] © Cc. (3.2.19) 

Then s[a] = s[a]' = [s[a],s[a]] , where s[a] C s[(3, C)[a] is defined in ( ^.2.8| ). 

Let now V2fc+i(Al,^^) = _L((2fc + l)Ao; A^^^). When considered as a s'-module, V2fc+i(A2^^) de- 
composes by pLMl Theorem 1.7.3] as V2fc+i(A^^') = M{2k + 1) (g) rJzfc+i = S{s'_) «) 172fe+i, where 
fl2k+i is the vacuum subspace of V2fc-i-i(^2^^) for the action of s'. Set 

1 ^ 

^' = i7fc^E«*(-l)«-«(-l)l e ^2fc+i(AW), (3.2.20) 

1 ^ 

^1 = 2{2k + l) ^ e Mi2k + 1). (3.2.21) 
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By Theorems 3.1.4 and 3.1.5, (V2A;+i (Aj^-*), Y, 1, w') is a (T-rational VOA of rank c(/c) :— j^^^ 



{(-^feo,2fc+i(s[(3, C)[cr]) , F'^JJfco G {0, 1, . . • , A:}} is the complete set ofits simple cr-twisted modules, 
the map V being as in ( |3.1.5| ). On the other hand, M{2k + 1) is stable under y{a,z)\j^.^ , 
for all a G M{2k + 1), and it is not difficult to prove that when equipped with the restricted 
map, (M(2fc + l),y, l,wi) becomes a VOA of rank dims = 2 (cf., e.g., |DL1], [Lil|). Moreover, 
(Af (ct; 2k + 1), is a simple cr-twisted M{2k + l)-module, where M{a; 2k + 1) is the irreducible 
5 [cr] '-module defined in ( |2.2.9D . 

Let {^1,^2} C s* be the basis of the root system of s[(3,C) with associated coroots {ai + 
a2,?7^ai — il0'2}- Form the root lattice Q = Z/3i + Z(32 and note that 

^2k+i Y[ ^2fc+i' ^2fc+i ^ {v ^ ^2k+i I a{Q)v = f]{a)v for a G s}. 

Then 

^2k+i ^{ve V2k+iiA[^^) I a{n)v = for a e s, ?i > 0} 

= {ve F2fc+i(A^^^) I a{n)v = for a e Af(2fc + 1), n > 0}, 



(3.2.22) 



(3.2.23) 



-Tl-2 



(3.2.24) 

1,2, so that L{n) = L^{n) 



and it follows from (|3.2.20|) and (|3.2.2lD that 

LO2 ■= LO' — LOl G ^2k+l- 

Let Y{lo', z) = ^„^2 L(n)z-"-2 and Y{lo,, z) = y U{ n)z 

L^{n). Then L\-l)b = for every b £ ^9,^+1 by ( |3.2.23|) , hence Y{L^{-l)b,z) = Y{L{-l)b,z) 
j^Y{b,z). Furthermore, (3.2.21) implies that L{l)uJi = and then by |FZ, Theorem 5.1] one gets 
that [L\m),L'^{n)] = and 

[L^(to), L^(n)] ~ (m — n)L'^{m + n) + ~ m)5m+nflC2{k) for m, n G Z, 

where C2(fc) '■— c{k) — 2 — 2ci(fc). By ( 3.1.l| ) and ( 3.2.23 ) ^2k+i closed under vertex operators so 
that when equipped with the restricted map, (Jl^fc+i, 1; '^2) becomes a VOA of rank C2(fc). 

Remark 3.2.4. (i) Since (p.2^j^^,Y^, (3 G Q, are inequivalent simple ilj^+i-modules, the VOA 

^2fe+i '^'^^ rational. It is also easy to see that f^2fc+i ^^'^^ ^ simple VOA. 

(ii) It follows from |f|, Theorem 5.2] that can equivalently be defined as the set {v S 

V2k+i{Af') I L^{-l)v = 0}. Using the terminology of we may call ^^2fc+i commutant of 
M{2k + 1) (the commutant construction corresponds to the coset construction in physics). Notice 
also that i^2fc+i weight one vectors, as it can be seen directly from the structure of N{{2k + 

l)Ao) (cf. (A. 3) in the Appendix for k = 1). 

Fix fco e {0, 1, ... , k} and denote the vertex operators on Lko^2k+i{sl{3, C)[a-]) associated to w' 
and ijJi, i — 1,2, respectively by 



V{n)z 



-n-2 



1,2, 



(3.2.25) 



so that L{n) — L^{n) + L'^{n). Then [L^(m), L^(n)] = 0, m, n S Z, and flko,2k+i is stable un- 
der Y'^{a,z) for all a £ i^2k+i by (3.1.1). Let Vkg £ ^ko,2k+i be a highest weight vector of 
Lko,2k+i{si{i, C)[ct]). Recall that L{0) induces a ^Z-gradation on this module and let {flko,2k+i)s = 
{v £ ^ko,2k+i I i^(0)w = sv}, s £ C. Since L^{0) acts as a scalar operator on i}ko,2k+i (cf. ( 3.2.27 ) 
below), it follows that (ilk„,2k+i,Y'^) is a ^Z-graded weak cr-twisted 572j.^]^-module such that 



n 



feo,2/c+l 



11 {^ka,2k+l)n+X(ka)^ dim(rife„^2fe+l)A(feo) ^ 1' dim(rifc„^2fe+l)n+A(feo) < 



ne iN, 



neiN 



where A(fco) € Q is the lowest weight of f2fco,2fc+i given by L2(0)wfeo = A(fco)wfeo. Thus (f2fcn_2fe+i, 
is in fact a cr-twisted (^^2fe-i-i' 1, W2)-module whose g-trace is 



/fcn'2fc + l(^) ■ 



^'k(i ,2k + l ^ 



<=2(fc) 



-,A(feo) 



X! (^^fco,2fc+l) 



n=0 



\ + \(ko))^ 



(3.2.26) 



M dim* i2feo_2fc+i, 
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where dim* ^ko.2k+i is as in (2.2.11). In order to compute A(fco), let us again denote the canonical 
generators of s[(3,C)[ct] as in Remark 2.1.1. Note that Hi = ^(ft-i — 4/iq), and that from Lemma 
3.1.6 and the definitions of flko,2k+i and wi it follows that 



LV0)L = J-ido 



Applying Lemma 3.1.6 to each term in (3.2.20) one gets that 

18k?. - Ukok + 2P + l2ko + 41k ■ 
L{Q)vko = 

Then ( |3.2.27| ) and ( |3.2.2^ ) give 



20 



144(/c + 2) 



(3.2.27) 



(3.2.28) 



A(fco) = 



18fc2 



12A:oA: + 2fc2 + l2fco + 31A: 



so that by (3.2.11) 



X{ko) - 



C2ik) 

24 



- ■^{hko.k - 



144(fe + 2) 
2i(fc) 



24 



^^ihl.k- 



ci(fc) 
24 



Plugging (3.2.29) in (3.2.2(;) and comparing with (3.2.6) and (3.2.9), one concludes that 
fk,,..k+^ (?) = Xk„.k = x;.. for fco e {0, 1, . . . , k}. 

Summarizing, we proved 



(3.2.29) 



(3.2.30) 



Theorem 3.2.5. (jl2f.^i,Y,l,uj2) is a simple VOA of rank C2{k) = 2ci(fc). Moreover, for every 
fco e {0,1, . . . , k} , (j}ko,2k+i,Y'^^ is a a-twisted ^^j,j^^-module whose q-trace /^-^^ at+i (?) satisfies 
fk„,2k+i{l) = Al^^"^)' where xl_, Al) «s as in Theorem 3.2.1. 



□ 



Remark 3.2.6. As in the A\ -case, one could at first consider ifeo,2fe+i(^2 ) J^^* ^ simple 
/i-twisted V2/C+1 (^2"'^^) -module, and then use Proposition 3.1.2 in order to modify uj' appropriately. 
Indeed, let uo' — lu' - 
graded VOA of rank 



j^i/i(-2)l. It is easily checked that {V2k+i{A''^^),Y,l, 



2(2fc+l)(4-fc) 
3(fe+2) 



becomes a ^N- 

6 

such that its g-trace coincides up to a power of q with the rescaled 

(1)^ 



(4, 1, l)-specialization of e^^^'^+^^'^^ch L((2A; + l)Ao; A2 ). Then Cj'^ induces the rescaled principal 

gradation on Lk„.2k+i (^2^'') i as needed. However, in this "picture" one does not get a representation 

of s[cr] on LkQ,2k+i{A':2^) by means of /i-twisted vertex operators parametrized by some elements of 

V2k+i{A^^) (see also (A. 2) in the Appendix). In order to achieve this, one would have to deform 
the /i-twisted vertex operators into cr-twistcd vertex operators as in |Li2, Proposition 5.4], which 
reduces essentially to the viewpoint adopted above. 

Let us now see how appropriate the structures of Theorem 3.2.1 and Theorem 3.2.5 are in the 
context of Problems 1 and 2. As shown in the Appendix for k — 1, ^2k+i VkiA^i"^) may in 
fact be nonisomorphic even as Z-graded vector spaces. However, it is important to notice that the 
(/-traces ^ (q) and /^.^ 3^,^^ (q) are actually equal only up to the transformation q ^ q^ . Moreover, 

both the ranks of the VOAs T4(A^^^) and ^2k+i ^^'^ orders of the automorphisms v and a differ 
by the same factor 2. Obviously, it would be preferable not to have these differences, if possibl e. 
This can actually be arranged by using the recently developed permutation orbifold theory (|BDM|), 
as we shall now explain. 

Recah from ( |3.1.9D that the tensor product VOA {VkiA[^^)'^^ ,Y^,l^,uj^) has rank C2{k) = 
2ci(fc), and notice that the diagonal action of Aut(Vk{A^i^)) on Vk{A^i^)'^'^ commutes with the 



action of the symmetric group ^2 on Vk{A\ 



Let ■0 be the generator of ^2 and form the 6-th 



order automorphism r = v'^xp e Aut(Vfe(A$^^')'*^). Given a z^-twisted Vfc(A^^'')-module M, one may 

define a structure of r-twisted Vfc(Aj^-')'*^-module on M in the following way. By [Hua, Proposition 
2.1.1], the identity 



V \ jez+ J 



X 



(3.2.31) 
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uniquely determines a sequence {Cj}-^^ G Q°°i s-nd one defines the operator 



A2(^) 



exp( C,^-*i(j)j2-^(")z-5^(") e {End VkiA[^^ ))[[■. 



1/2 ^-1/2 



(3.2.32) 



where L{j) — KeSzZ^^^Y{LLj, z), j G Z+, and 2 2-^(0) acts on each homogeneous subspace 

Vk{A[^^)n as 2-"z-"/2, n e Z. Recall that rj = exp(7ri/3) and let r e {0, 1,2} and a e Vk{A[^^) be 
such that i^{a) — -q^^^'a. Define the following operators: 



r^(a«)l,z) = r'^(A2(z)a,zi/2) e (EndM)[[zl/^z-l/s]], 
r^(l(g)a,z) = 77^ lim r^(a(g) l,z) e (EndAf)[[zi/^z-i/^] 



(3.2.33) 



It was proved in | BDM | that {Y'^{a ® 1, z), y "^(l (g) 6, z) | a, 6 G Vfc(Aj^-')} generates a local system 
of r- twisted vertex operators in the sense of [Li2|. By using the theory of loc. cit., it was further 
shown in |BDM, §3 and §6] that the vertex map extends to the whole space 
a way that (M, y^) becomes a r-twisted Vfe(A^^'')'^'^-module. Then one can prove: 

Theorem 3.2.7. The VOA (Vfe(A^"'^'')'^^, , 1^ , cj^) of rank C2{k) is r-rational and its irreducible 
T-twisted modules are exactly (_L/i;Q.fc(sI(2, C)[i^]), y), feg G {0,1,..., k}. Moreover, the q-trace 
k^l^ {^ko,k{5i{2,C)[v\) ,Y^') coincides with the q-trace fkg,2k+iiQ) °f a-twisted ^2k+i~ 
module (il,k„.2k+i,y^) , o^nd one has 

xl,J.q) = fk,^.k^M^X:^,M^%koe{0,l,. 
where (q) is as in Theorem 3.2.1. 



(3.2.34) 



Proof. T he first statement follows from Theorems 6.8, 6.4, and 3.8 in | BDM |, so that it remains 
t o prov e ( |3.2.34| ). RecaU that uj^ = w(g)l + l(K'cj and write Y^{ijj^,z) = Y^nex L'^{n)z^"^'^. By 
( |3.2.33 ) one has 

Y^Lu^,z) = Y"{A2{z)u;,z'/^) + r^^ Jim r^(A2(z)c^, z^/^). 



(3.2.35) 



The constants Cj in (3.2.31) may be computed reccurrently for small values of j. For instance, 
Ci = — i and C2 = \. Moreover, the Virasoro algebra commutation relations for the VOA 14(^4'^-') 
imply that L(2)w = ^1 and L{1)lj = i(j> = for j > 3 (cf. FhO). Then (|3.2.32D yields 



A2(z)c^ = 



oj H — z 



so that 



y'^(A2(z)a>,zi/2) 



-r'^(u;,zi/2) + 



c. + ^z-i 
8 



32 "'"o-"' 



(3.2.36) 



where Mkg^k ■= i/£o,fc(st(2, C)[i^]). Plugging ( 3.2.36| ) in ( |3.2.3£ ) and then extracting the coefficient 

, and thus 



of 



from ( ^.2.35[ ) one gets that L^(0) = ^L{0) 



£i(fc)id 



L^(0)-£Hg)id^^ =i(i(o)-£lM 

^ ' 24 ^'''o-'' 2\ ^ ' 24 



since C2{k) — 2ci(fc). It then follows from (3.2.9) that 



^2(fc) 



i(L(0)- 



ai(k)\ 



id. 



XL 



which is the same as (3.2.34). 



□ 



Remark 3.2.8. (i) As used he re, a i^-twisted 14 (A^"'^'' )-module is the same as a i/^^-twisted Vk{AY')- 
module in the sense of [BDM]. Note that z/~^ — in our case. 

(ii) An interesting similarity between the automorphisms r and a is that both of them are com- 
positions of two commuting automorphisms of orders 3 and 2 in Aut(Vfc(A^^'')'*^) and Aut(r22fe+i) 
respectively (cf. ( ^.2.15| )). Note also that in both cases the order 3 automorphism is inner and the 
involution is outer. 



18 



JULIUS BORCEA 



In view of Theorems 3.2.5 and 3.2.7, one may ask whether the VOAs Vk{A^^'')^'^ and ^2k+i 
isomorphic. As shown in the Appendix for k = I, this is not necessarily true. On the other hand, 
nothing was mentioned so far about the irreducibility of the cr-twisted il§j,^]^-modules flko,2k+i, 
fcp € {0, 1, . . . , k}. Note that in the level one case - which is excluded from the present discussion 
the rj^'^iodule fio.i is trivially irreducible since dimf2o,i = Ij if can be seen from ( ^.2.5| ) and 



(2.2.11). The general results on coset constructions and dual pairs for VOAs recently obtained in 



[ DM ] seem to indicate that these cr-twisted flj^+i-modules are indeed simple, but this is highly 



non-trivial for fc > 1. We shall discuss such irreducibility questions in a different setting in §4.4. 

Remark 3.2.9. (i) As a step in the direction suggested in Problem 2, one could investigate whether 

Lko,k{sl{2, C)[i/]) and ^ko,2k+i are isomorphic ^ir-modules with central charge C2{fc) (cf. Theorems 
3.2.5 and 3.2.7). Note though that even if true, this would not provide a fully satisfactory answer 

to Problem 2 since Lk„,k{sl{2, C)[h']) and ilko,2k+i are not simple T^ir-modules. 
(ii) Let y be a VOA with a finite or der automorphism a and de note by Acr{V) the twisted analogue 
of Zhu's algebra A{V) (cf. |DLiM2t| , @). Using the results of [|DLiM2|] one can actually show that 
Ar{VkiA'--t^^)'^'^) = A^{VkiA^^))^ A^{V2k+i{A''2^)). However, this is more a reformulation of the 
fact that 101(^)1 — 102(^)1 = k + 1 rather than a conceptual explanation to Theorem 2.2.1. 

4. The GVOA r^^+i its action on the spaces in 02{k) 

Continuing our study of Problem 1, we shall now embed ^2k+i ^^^'^ ^ larger structure, namely 
a simple GVOA which acts irreducibly on each of the spaces ^ko,2k+i without altering the q-traces 
fko,2k+i{q) of ( 3.2.26| ) (Theorems 4.4.3 and 4.4.8). This new structure is defined as the quotient 



Ogfc+i of the vacuum space il,2k+i by the action of a certain infinite abelian group A, and it acts on 



the spaces il,ko,2k+i by means of quotient relative cr-twisted vertex operators (introduced in | DL2[ ) 
whose component operators generate an algebra that includes the cr-twisted 2^-algebra of ]LW| . 

This is done by using the diagonal action of 5l(3, C)[cr] on the tensor product of 2/e -f 1 copies of 

the basic standard s[(3, C)[CT]-module, together with the fact that each standard s[(3, C)[cr]-module 
of level 2fc -I- 1 can be isoniorphically embedded into this tensor product (cf. §2.1). As we explain 
at the end of §4.4, the GVOA ^2k+i appears to be a more appropriate tool than the VOA ^ 2k+f 
for further investigating Problem 1. The main reason for that is the "equivalence theorem" pAV| , 
Theorem 5.5], which essentially establishes an equivalence between appropriately defined module 

categories for s[(3, C)[cr] and (an algebra t hat in cl udes) the cr-twisted Z-algebra. 



The methods used below are based on DLl ], |DL2 ] , [L2|, | LW |, where a great many technical 



ingredients were used. Since the proofs of our main results in §4.4 require a careful analysis of most 
of these ingredients, we first recall in §4.1-§4.3 some of the constructions of loc. cit. and adapt them 
to our particular case. We refer to the above-mentioned papers for additional details. 

Throughout this section we let I — 2k+l, where k e is fixed, and we assume that g = s[(3, C) 
with the bilinear form (• , •) normalized as in §2.1. The notations introduced below will partially 



overlap with some of the previous sections, as we need to work in the setting of [DL1| and [DL2 



4.1. The new setting. Recall from §3.2 the root basis {/3i,/?2} and the root lattice Q of g, and 
let $ be its root system. Let cti be the reflection with respect to /3i and /x be the automorphism 
of Q induced by the Dynkin diagram automorphism determined by = /32, ^J'P2 — Pi- Recall 



( 3.2.13 )-( 3.2.16 ) and note that the linear extension of ai^i to Q (^z C coincides with the restriction 
to s of the principal automorphism cr of g, where s and Q (8)z C are identified via the form (•,•). 
Since aifi = a is a "twisted Coxeter element" of order 6, one has 

5 5 

^cr^a^O, ^p(crPa,/3) = Omod 6 for a,/3 e g. (4.1.1) 

p=0 p=0 

Moreover, Q is a positive definite even lattice, {a^a,a) — ~{a,a) G 2Z for a £ Q, and (• , •) is 
CT-invariant. Denote by (77) the cyclic group of order 6 generated by 77 = exp(7rj/3). Set 

i = Qi©...©Qi, (4.1.2) 

where each Qi is a copy of Q. We write ai G Qi for the element corresponding to a g Q, and we 
extend the form (• , •) to L so that Qi and Qj are orthogonal if i ^ j. 
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Consider the cr-invariant alternating Z-bilinear maps cq, Cq : L x L — > Z/6Z defined by 

co(a, P) = 3{a ,P) + 6Z respectively Cq (a, /3) = J2p=o('^ ~^ P)('^^^ i /?) + 6Z for a,P e L. Notice that 
Cq (a, /?) = mod 6 for every a,P G L, and set 

c(a,/3) = ?y'=o(",/3) ^ (_l)(",/3)^ c^(a,/3) = Ty'^oC",^ ^ 1^ a,/3eL. (4.1.3) 

Define also 

eo(a,/3) = (a-Hcra,/3) -H6Z, eia, P) = rj''°^°'''^\ a, pel. (4.1.4) 
Then eo(- , •) is a cr-invariant 2-cocycle on L satisfying 

eo{a, P) - eoiP, a) = co{a, P) - Cq (a, P) = co(ct, /3), (4.1.5) 

and it follows from ( |4.1.l[ ) together with — —1 that eo(a,/3) = mod 3. Therefore, e(- , •) is 
cr-invariant and e{a,P) £ {±1} for a,P £ L. Up to equivalence, the commutator maps c and Ca- 
uniquely determine two central extensions of L 

1 — > {r]) — > L^L — » 1 and 1 — > (77) — > L^^L — > I (4.1.6) 

by the commutator relations 

aba^^b^^ = c{a , b) for a,b £ L respectively aba^^b^^ ~ Ccr{a ,b) ~ 1 for a,b £ L„. (4.1.7) 

Notice that is a split extension of i, so that L^, — {rj) x L. One has a set-theoretic identification 
between the groups L and such that the respective group multiplications x and x ^ satisfy 

a X b ^ e{a ,b) a Xc b. (4.1.8) 

Moreover, a lifts to an automorphism a of L such that 

arj = 7], aa = aa for a £ L, (4.1.9) 

and such a lifting is unique up to multiplication by a lifting of the identity automorphism of L 
(cf. ]FLM , Proposition 5.4.1]). Since e(- ,•) is cr-invariant, one gets from (4.1.8) that a is also an 
automorphism of covering a. Let 

e : L — > L (4.1.10) 

a I — > e„ = (1,q;) 

be the section corresponding to the cocycle eo{-,-), i.e., Cq. = a, 6^6^ = e{a , P) Ca+p, a,P £ L. 
Note that the bilinearity of eo(- , •) implies that cq = 1 (= (1, 0)). 



Remark 4.1.1. (i) The lattice in ( 4.1.2 ) is denoted by Lq in [ DLl , Ch. 13 & 14], where one defines 
L to be the direct sum of I copies of the weight lattice of g instead (so that Lq is the dual lattice of 
L in L (g)z C). For our purposes though, it will suffice to use onl y the root lattice Q. 
(ii) The 2-cocycle eo(- , •) is cohomologous to the one defined in [ DL2| , (2.13)], from which it differs 
by the 2-coboundary L x L B {a, P) ^ 2{a, P) + 6Z £ Z/6Z. 



Applying the above discussion to a single copy of the root lattice Q, one gets from [ FLM , Ch. 6] 
and |LW, §8] that there exist Xq e (a S $) such that g = s U^g^ Cxa and 

{e{a,—a)a if a + P — 0, 
e{a,P)xa+fi if a + P£^, 
if a-f $U{0}, 

for ft. e 5 and a, /3 G $. It is well-known that the bilinear form (• , •) of g satisfies 

e{a , —a) if a + P — 0, 



{h,Xa)=0, {Xa,Xfj) 



ifa + P^O 



for a, /? € $ and ft, e s. Recall the cr-decomposition g — Ujgz/ez ^^"^ 0(n) ~ 0(n mod 6) for 
n £ Z. Note also that s — 5(i) ® S(5) (cf. ( [3.2.19| )). Let further a;(„) denote the projection of a; g g 
on g(„), n £ Z, and set 

x{z) = ^ (x ® r)z-"~\ x{a; z) = ^ (x(6„) ® r)z~"-\ (4.1.11) 

We denote by (• , •) as well the bilinear form induced on the space 

()=i®zC. (4.1.12) 
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Let now f),^ be a subspace of f) on which (• , •) remains nonsingular, so that 

l) = h.(Bi)t (4.L13) 
where denotes the orthogonal complement. We also assume that 

at), = t)* (4.L14) 

and we write 



for the projection maps to t)^ and t)^, respectively. By (4.1.14), these ma ps com m ute wi th the 
action of a. In §4.2-§4.3 we shall work with an arbitrary space t)^. satisfying ( 4.1.13 )-( 4.1.14 ). This 
flexibility for the choice of f)* will allow us to recover the usual (unrelativized) untwisted and twisted 
vertex operators by taking f)* = 0, in which case the index * will be removed from the notation. In 
§4.4 though we shall specify f)* to be the image of s under its diagonal embedding in f). 

4.2. Relative untwisted vertex operators. Form the induced i-module and C-algebra C{L} = 
C[L] (E'c[(?))] C = C[L] (linearly), where C[-] denotes the group algebra and rj acts on C as mul- 
tiplication by rj (here (rj) is understood as an abstract group disjoint from C^). For a E L, let 
t(a) = a (g) 1 be the image of a in C{L}. Then the action of L on C{L} and the product in C{L} 
are given by: 

a ■ iib) = L{a)i{b) = L{ab), • iib) = r/t(6) (4.2.1) 
for a,b £ L. We endow C{L} with the C-gradation determined by 

wt(i(a)) = ^(a' , a') for a £ L, (4.2.2) 
and we define a grading-preserving action of () on C{L} by 

h- L{a) = {h' ,a) L{a) (4.2.3) 

for /i G [). The automorphism fT of L acts canonically and in a grading-preserving fashion on C{L} 
such that (7t(a) L{aa), a £ L, and (T(/,(a)t(fe)) = a{a ■ i{b)) = (T(a) • (tlQj) = a i{a) a L{b) . Then 
f) acts as algebra derivations and (T{h ■ t(a)) = cr(/i) • (Tt(a), h £ t), a £ L. Define also an action 
z'' ■ i{a) = ''*>i(a) foTh£\),a£ L, so that a{z'' ■ i(a)) = z'^C') • ai{a). 
Form the algebras 

^ = (3 C[t, t-^] e Cc, ^ = >^ Cd, I)' = [f^, f^], = t) ® i±iC[t±i], (4.2.4) 

and notice that [)' = i)'^ f)'„ Cc is a Heisenberg Lie subalgebra of the affine Lie algebra t). On i) 
we define a weight gradation associated with f)* by 

wt(a; (g) t™) = 0, wt{y (g) i") = -n, wt(c) = (4.2.5) 



for a; € [)*, y € i)^ , and m,n £ Z. By analogy with ( 3.2.1^ ), we consider the induced irreducible [)'- 
and f)-module M(l, [)) = C/(t)) ®£/((,gcmeCc) C = 5'(1)'_) (hnearly), where () (g C[i] acts trivially on 
C and c acts as 1. It follows from ( [1.2.5 ) that Af(l, f)) is Z-graded so that wt(l) = 0. Moreover, a 
acts in a natural grading-preserving way on [) (fixing c) and on A/(l, t)). Set 

= Mil, ()) (gc C{L} ^ S{1)'_) (gc C[L] (linearly), (4.2.6) 

and endow Vl with the tensor product C-gradation. In particular, wt(t(l)) = 0, C{L} being 
naturally identified with 1 (g) C{L}. Then L, (]', (), z'* (/i e f)) act naturally on Vl by acting either 
on Af(l, f)) or C{L} as indicated above. The automorphism a acts in a grading-preserving way on 
Vl via cr (g it, and this action is compatible with the other actions (cf. [ DL2| , (3.23)-(3.25)]). The 
relations 

i{h) = (/ii(-l) + . . . + hi{-l)) ■ t(l), h£s, and i(a;„) = t(e„J + . . . + /-(e^J, a G $, (4.2.7) 

define a linear injection i from g to Vl. For a e f), n e Z, we denote by a(n) the operator on Vl 

determined by a (g t", and we let a{z) — J2nez oi{n)z^^^^ . 

We can now introduce the relative untwisted vertex operators of [DL1|. These operators are 
parametrized by elements of the space Vl on which they also act, and they are defined relative 
to f)*. We use a "normal ordering" procedure ° • ° to signify that the enclosed expression is to be 
reordered if necessary so that all the operators a{n) [a £ t), n < 0) and a £ L are to be placed to 
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the left of all the operators a{n) and (a € f), n > 0) before the expression is evaluated. Using 
an obvious formal integration notation, we set 



Yy\L{a),z)=Yy\a,z) =°exp 



(a'(z)-a'(0)z-i) 



az^ °, ae L. 



(4.2.8) 



If w e Vl is of the form v — ai(— ni) • • ■aj{—nj) ■ t(a), a ^ L, g (), G Z+, 1 < fc < j, we 
define 



1 



Til —1 



- a[{z) 



1 



{fij — 1)! \dz 



77 



(ni - 1)! V^^, 

and we extend this definition to Vl by linearity. One gets a well-defined linear map 

Vl (EndFi){4 



Yj'\a,z):, (4.2.9) 



(4.2.10) 



nGC 



where for any vector space W, W{z} denotes the linear space of VF-valued formal series in z. The 
case ^)^, — leads to the (ordinary) untwisted vertex operators as defined in | FLM , Ch. 8]. In this 
case, the operators Yj''\v,z) are denoted just by Y^''\v,z). We refer to | DL1 | and | DL2 | for a 
detailed discussion of the properties satisfied by the operators Yj''\v, z). One has in particular 

[\)',,YP{v,z)]=QioYv^VL, (4.2.11) 



where t)'^ — [()*, t)*] is the Heisenberg algebra associated with the abehan Lie algebra f)* (see ( |4.2.4D ). 

Notice that when applied to a single copy of Q in the case [)* = 0, the above construction yields 
a well-defined linear map 

yQ^(EndyQ)[[z,z-i]] 



Y.Vr.z-^'\ 



V I — > Y^^\v,z) = 
the lattice Q being even. Furthermore, using the notation 

5^ = Q^ ®7. C, 5, = 5i ® C[t, i'^] © Cc, S-^ = 5i ® t^'^C[[t^% l<i<l 

one gets from ( |4.1.2| ) that C{L} ^ ®i^iC{Qi} and S'(t)'_ 
Vl = 'S)\^iVq^ linearly (cf. (4.2.6)). For 1 < j < I define a linear injection ij by 

z,- : g — > Vl 



(4.2.12) 

as vector spaces, and thus 



(4.2.13) 



hj{-l) ■ t(l), hes, 



so that i{x) = X^Li iji^) for x e fl by (H.2.7|) . Then from ||DL1| , Ch. 13] and [|FLM| , §7.2] one gets: 



Theorem 4.2.1. The linear map p : q ^ EndVg given by 

p(c) = l, p{x{z))^Y^'Hi{x),z),xe9, (4.2.14) 

defines a level 1 g-module structure on Vq such that Vq is thereby isomorphic to the basic module 
L{Aq]q). Moreover, the linear map n : g EndV^ determined by 

tt{c)^1, 7r(a;(z)) = y(')(i(a;),z), a; e 0, (4.2.15) 



defines a level I Q-module structure on Vl such that the representation (4.2.15) is isomorphic to the 
tensor product of the representations 

ifl^EndVQ^., l<j<;, (4.2.16) 
given by TTj{c) = 1, Trj{x{z)) = Y'--^^ij{x), z), x £ q. 



Remark 4.2. 2. (i) The r epres entations (4.2.14)-(4.2.16) ex tend to q by letting d act as the degree 
operator (cf. ( 4.2.2 ) and ( 4.2.5 ) for ()* = 0), in which case ( 4.2.14 ) is the well-known Frenkel-Kac- 
Segal construction of the affine Lie algebra §. 

(ii) Under the isomorphism in the second part of Theorem 4.2.1, the action of Y^-^\ij{x), z) on Vl 



coincides with the action of 1 
the j-th position. 



l®r(i)(ij(a;),z)(^l. 



1, where the nontrivial factor is in 
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By [DLl, Ch. 13], Vl is a completely reducible g-module and its g-submodule (7(g) • t(l) is 
isomorphic to the standard g-module i(/Ao; g), so that we may view L(/Ao; g) as a subspace of Vl- 



Corollary 4.2.3. On the subspace L{lAo;g) oJVl the map F^''(- , z) of (4.2.15) coincides with the 
map Y(- , z) of Theorem 3.1.4 and Theorem 3.2.5. 

Proof. Let x e g, n G Z, and denote by x{n) the operator ■k{x ®t"') acting on Vl- Then the map i 
can be rewritten as i{x) = x{—l) ■ i(l), and by comparing the expression for x{z) in (4.1.11) with 
the generic expansion Y^^\i{x), z) — X^nGZ^"-^ "^^ (*^^- ( ^-^-lO] )) we see that in fact x„ = xin). 
For X G g one has therefore that F'-'-' (i(a:), z) — y(x(— 1)1, z), where 1 — 1® and Y is the map 
defined in ( |3.1.4 ). Furthermore, from i(/Ao;g) = U{g) ■ one gets that i(/Ao;0) is generated 
by the set {i{x) | x g g} U {1} through the map y('^(- , z), which by construction satisfies the same 
iterate formula as the map Y{-,z) (cf. ( I3.1.2D ). This proves the corollary. □ 

4.3. Relative twisted vertex operators. We now concentrate on the twisted counterpart of the 
above constructions. Let again f)* C f) be as in ( [4.1.13D -( |4TT5| ) and recall from ( |4.1.6D -( pr^ ) the 
central extension ig- of L and the set-theoretic identification between the groups L and L„ . Notice 
that 1 — (7 = (T~^. It follows from [L2, Proposition 6.1] (see also [Ca|) that there exists a unique 
homomorphism tp : L„ such that ip{rii) = rj and L maps to the identity. Let T = be the 

one-dimensional Lcr-module affording ip, and give T the trivial C-gradation. We let a act on T as a 
grading-preserving linear automorphism (cf. (4.1.8)-(4.1.9)). By Remark 3.2.3, the a-decomposition 
of f) is given by () = jJnez/ez ^(n) = © f)(5)- Let f](„) = f)(„ ^-.^^ q^, n e Z, and form the cr-twisted 
affine Lie algebra f] [ct] = f) [a] x: Cd and its subalgebras 

,f}(6n) <^t"©Cc, =e^^i^ ^^^,f)(6„)<^i", (4.3.1) 



ntE g Z, ±n> 



SO that i)[a] ~ © ^M- © Cc. Then ^[cr]' := [[^[cr], ^[cr]] is a Heisenberg Lie algebra and 

(^[cr]' = \)\a\. On [}[(t] we define the weight gradation associated with [)* by wt(x ® i™) = 0, 
wt(?/ (g) i") = -n, wt(c) = 0, m, n € ^Z, x G t)*(6m): 2/ € f)i"(g„) (cf. ( |4.2.5D ). Form the induced 
irreducible f)[cr]-module M(cr;l,f)) = C/(^[cr]) «'(7(e„>oi,(6„)ecc) C 5'(^[cr]'_) (linearly), where 
©n>of)(6n) Eicts trivially on C and c acts as 1. Then M(cr; 1, [}) has a natural ^Z-grading which is 
compatible with the action of [}[cr] and such that wt(l) — 0. Moreover, a acts in a grading-preserving 
way on \)\<j\ (fixing c) and on M((T;l,t)) (as an algebra isomorphism). Let t)*[cr]_ and t);^[(T]_ be 
defined as in (4.3.1) and set 

Vf = M(a;l,t))(»cT = S([)[a]'_) =5(^*H-)®^(t):^H-) (Hnearly), (4.3.2) 
(cf. ( 4.1.13 )). Using the gradations of Af (cr; 1, f)) and T, we see that is naturally Q-graded. 
Clearly, \)\<j\ and Lc act on V]^ by acting either on M(o';l,l)) or T, and u extends to a linear 
automorphism of Vj^ such that a{u <S) t) = a{u) (g) <T{t) = ta{u) (g) 1 for m S M((t; 1, ()), t eT. 

\Z. Set 



For a e f] let a(6„)(n) be the operator on M{a; 1, f)) corresponding to a(6n) (8) i", G 

(^{cr;z)^ Q;(6„)(ri) z"""^ 



o 



(4.3.3) 



We shall also use the scalar function 

T{a) = 2-<"'"> (1 - ,y-i)<'^"'") (1 - ^-2)(^^",o> for ^ g 2., (4.3.4) 

which obviously satisfies T(aa) — T(a). Given a €z L, one defines the relative ct- twisted vertex 
operator Y^''"''\L{a), z) acting on Vjf as follows: for a G f) introduce first the operators 

"(6n)(") 



-E^j-j^^ (a, z) = exp 



E - 

ne^Z, ±n>0 



G(End5(t);^H_))[[z±V6]] 



(which by ( 4.3.2 ) is a subspace of (Endy^){z}), and then set 



{L{a), z) = (a, z) = 6-<" ■'^'^/^ ^(a') ° 



exp 



a'((T; z) 



-(a ,a )/2 o 



(4.3.5) 



(4.3.6) 



= 6-<'^'''^'>/2 r(a') (~a, z)i?+,^ (-a, z) a z-<'^'^'^'>/2 
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where a is viewed as an element of L„ by means of the set-theoretic identification between L and 
Lfj. For ai € f), rii G Z-)_, 1 <i < j, and v — ai{~ni) ■ ■ ■ aj{—nj) ■ L{a) G Vl, set 



1 



(rii — 1)! \dz 



ni — 1 



a[{a;z) 



1 



1)! Vdz 



a'J(j;z) 



Y:-^'\a,z): (4.3.7) 



(the right-hand side being an operator on V^f), and then extend this definition to all v Vl 
by linearity. Let {71, . . . ,7^} be a n orth onormal basis of t)^ and define the constants c^^. G C, 
m,n G N, i e {0,1,..., 5}, as in [ DL2 , (4.41)]. In particular, Cgg. — for all i. The following 
operator is independent of the choice of orthonormal basis in i)^ (cf. [DL2, (4.42)], [FLM, §9.2]): 



(4.3.8) 



E EE^"^">(^^'^^)M^^-(")^"™""^ (EndVi)[[z-i]]. 

m,n>0 2—0 j — 1 

Since Cqq^ — for all i, exp(A2*) is well defined on Vl and exp(A2*)w e Vl[z^^] for v e Vl. The 
relative cr-twisted vertex operator Y^'''^\v, z) is then defined by 



Y 

1 ^ 



,(0 



{v,z) = W^*(exp(A2*)-(;, z) for t> e Vl. 



(4.3.9) 



Summarizing, we get a well-defined linear map (the relative a-twisted vertex operator map) 

14 ^ (EndT/f){4 (4.3.10) 



Y:^'^'\v,z) = E ^nZ-^~\ e End If 



nec 



which satisfies y/'''^(^;,z) G (EndF/) [[z^/^, z'^/^]] if f)* = 0. We refer to |lDL2| for a discussion 
of the properties of these operators. Of particular importance for our purposes is the fact that 

[f)*[a],r"^('^(w,z)] ^OforwG 14 

(cf. pL2| , Proposition 4.6]), where ^^ct] is defined as in ( [4.3.l| )-( |43^ ). 

By using a single copy of Q and the space f)* = we get a well-defined linear map 



(4.3.11) 



Vq ^ {EndV^)[[. 



A/6 ^-1/6] 



Y-'^'\V,Z)^ E ^nZ-^-'. 



Let 5i[(T] — 



6 



«eiz,±n>d^'<6") 

6 ' 



i"eCc and Si[a]± = 
^iS'(sj[a]_), ( [4.3. 2| ) implies that 

tiV^<J, (linearly) 



)t", 1 < i < /. Since S{i)[a]-) = 
(4.3.12) 



Then from g §9] and §8-9] (see also pLM| , §7.4], Q) one gets the following 
Theorem 4.3.1. The linear map p"' : g[(T] End Vq" given by 

p"(c) = l, p"(a:(a;z))=y"^«(i(a;),z), xGg, (4.3.13) 

defines a level 1 Q[a\-module structure on Vq such that Vq = L(Ai;g[i7]). Moreover, the linear map 
tt"' : 0[o'] EndVf determined by 

7r^(c) = ?, 7r'"(a;(CT;z)) =y'"'W(i(a;),z), xG 0, (4.3.14) 

defines a level I Q[ij\-module structure on V'[ , and this representation is isomorphic to the tensor 
product of the representations 

TT^ : g[a] End T/^^. , 1 < j < (4.3.15) 
given by 7rJ(c) — 1, nJ{x{(T; zj) = Y'^'''^\ij{x), z), a; G 0. 

Remark 4.3.2. Under the isomorphism in the second part of Theorem 4.3.1 the action of the 

. «) 1. 



operator Y'^''^''\ij{x), z) on Vj' ^ coinc id es with the action of 1 
^presentations ( 

3. On the sub 

the map Y"'{- , z) of Theorem 3.1.5 and Theorem 3.2.5. 



^ l(g)r'^'(i)(zj(a;),z) 

Moreover, the representations (4. 3. 13)- ( [4. 3. 15 ) extend to 0[cr] by letting d act as the degree operator. 

Corollary 4.3.3. On the subspace L{lAo;g) of Vl the map y'"'(')(-,z) of ([4.3. 14D coincides with 
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Proof. By |DL|, Theorem 7.1], {Vl,Y'^^\ 1, uj) is a VOA and (V^, F'"'^')) is a cr-twisted l^i-module 
(see [DL1| and |DL2] for the construction of the Virasoro element u G Vl). In particular, the 
map satisfies the twisted associator formula ( |3.1.2| ) with Ym = 5^'^'^'^ and Y = Y^^'K Let M 

be any standard level / g[cr]-module. According to §2.1, (4.3.12), and Theorem 4.3.1, M can be 

isomorphically embedded into L(Ai; g[fT])^' = Vj^ . Denoting by X(g„) (n) the operator 7r'^(x(6n)®^") 
on V]^ , X G Q, n G iZ, and comparing the expression for x{a;z) from (4.1.11) with the generic 
expansion Y'''^^\i{x), z) = J2 i^a^n^^""^ (cf. ( 4.3.10| )), we see that a;„ = X(g„)(n). For x G Q 

one has therefore that y^'^'-' (i(a;), z) ~ Y'^ {x{~l)l, z) when acting on A/, where (as before) 1 = 
1 (8) G L{IKq; q) and Y" {■ , z) is the map defined in ( p.l.5| ). Then the corollary follows from the 
twisted iterate formula ( [3.1.2| ) and Corollary 4.2.3. □ 

4.4. The GVOA ^2k+i ^^'^ its action on the vacuum spaces ^ko.2k+i- Set now 
fi* = {w e Vl I h{n)v = for e f),, n > 0} C Vl, 

ni = {vG vl I h{n)v = for hGi^,,nG iZ+} C Vf . ^'^''^'^^ 

Clearly, fJ* is the vacuum space for the action of the Heisenberg algebra f)'^ on Vl, while il'^ is the 
vacuum space for the action of the Heisenberg algebra f)*[cr] on V^ . By (4.2.11) and (4.3.11), these 
spaces are preserved by the operators fJ''(u, z), v G Vl, and Y^'''^\v, z), v G Vl, respectively. Since 
5(f)'_) = S'((f^*)'_) (g) S{{i)i)'_), one gets from ( p!^ ) that 

n,=S{{i)iy_)^C{L}, 

and thus Vl may be decomposed as 

Vl = f^* ® K = C-span{h{n)VL \hGi}*,n<0} = 



(f)*)-^((D*)-: 



Note that by construction the operators 



satisfy 
if w e 



In similar fashio n, ( ^4.3.2|) yie lds fl'^ = Sil)i[a]-) (g) T. 

Recall ( 4.1. 2| ) and (4.1.12) and consider the diagonal embedding 



(4.4.2) 
(4.4.3) 

(4.4.4) 
(4.4.5) 



* : s — >i) 

a I — > a* = ai + . . . + a;, 
where ai G Qi (gz C corresponds to a S s. Obviously, the map * defines a group isomorphism 



(4.4.6) 



between Q and Q*. We assume henceforth that the subspace f)* of f) (see (4.1.13)) is 

f)* = {a* I a e 5} = s*. 
Then f)^ — C-span{ai — Uj \ a G 5, i, j ~ \, . . .1} (cf. ( 4.1.13| )). Define 

A = {ea. I a G 2g} C L. (4.4.7) 



By the choice of the cocycle eg and of the section e (cf. ( 4.1.4 )-( 4.1.5 ) and ( 4.1.10 )), A is a central 
subgroup of L isomorphic to the subgroup 2Q^ of and such that Af^ {rf) = I {— eo). Moreover, 
{L ,A) G 2Z, f)* n L C -spans f)*, and rank A = rankg = dims = 2, so that A C-spans f)*. Recall 
the projections ( 4.1.15 ) and notice that 

a'^ = r ^a* for a G $, i 1, . . . , (4.4.8) 

so that 

i" = {/3"|/3eL} = rig,. (4.4.9) 

Let G = L" / A = l^^Q^, /2Q^, = l^^Q/2Q and notice that the smallest positive integer S such 
that (a' , 13') G S-'^Z, (a , /3) e S-^Z, and (a' , a') G 2S'-iZ for a, f3 G L is precisely 

S = l. (4.4.10) 

A well-defined symmetric nondegenerate /~^Z/2Z-valued Z-bilinear form on G is then given by 

GxG — > l-^Z/2Z 

{l-^a^ + — > r\a,f3) +2Z for a,/3 e Q. 

In the remainder of this section we shall denote the standard Q-module L{IKq; g) simply by L{1, 0). 
Recall that L{1,0) = U{q) ■ C Vl (cf. Corollary 4.2.3). The action of g on Vl being given by 
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Theorem 4.2.1, one gets from [DLl, Proposition 14.5] and the complete reducibility of Vl as a 
0-module that any g-submodule M of Vl is A-stable and has an [)*-stable complement in Vl- In 
particular, this holds for M = L{1,0). Define the following spaces: 

nLiLo) = ^*nL{i,o), (4.4.11) 



Wi 



L{LO) = C-span{w -~ a ■ v \ v e L{1,0), a e A} C i(/,0), (4.4.12) 

(4.4.13) 

L(;,o) = "2/c+i- Since L{1,0) has 

an A-stable and ()*-stable complement in Vl, it follows that t)'^ acts naturally on L{1, 0)/Wl(/,o)i so 
A 

L(l,0) 

A 



Note that by ( |3.2.22[ ), ( |4.4.lD , and ( |4.4.1lD , one has in fact that n 



that il^n n^ may be described alternatively as 



^tm = e Lil,0)/WL(Lo) I Hn)v = for e f)*, n > 0} 

^{ve L{1, Q)/WL(ifi) I Hn)v = for /i e s, n > 0} C 17^, 

where for /i e s, h{n) denotes the operator 7r(/i ® t") = /i*(n) of ( 4.2.15 ) and 

f7f = {w e Fl/W^v^ I /i(n)v = for /i e f],, n > 0}, 

with Wvl = C-span {v — a ■ v \ v £ Vl, a £ A} C Vl- One may then define a G-gradation on q) 
in the following way: note first that by ( [4.4.2 ) and ( 4.4.8[ )-( 4.4.9| ) il* decomposes as 

II ^{ven.\h{0)v^{K,X,)v,hes}= ^ S'((i):^)'_)®i(a). (4.4.14) 

Ae'^^Q aeL,a"=A, 

Since flL{i,o) is stable under the operators h{0), /i G 5, we see that ^l(i,o) — U 



= nL(ifi) n ri^' = L(/,0) n ri^*. it then follows from ( |4.4.13D that f2f(, G-graded, with 



L(1,Q)J 



E {^Lm+WLm)/WLii.o) for .9GG. 

Ae;-iQ, A.+2Q.=g 

Note that by (|X^) and ( [4.4.11[ )-( |4XT^ ) one has that if A, /i G / are such that A* — /i* £ 2(3* 
then 0) + WL(ifi)) /Wl(i,o) = (^^l(/,o) + ^i(;,o))/I^L(;,o) , so that in particular 



(^L(i,0)) 



^Lm^^Lm)/WLiifi)- (4.4.15) 

Recall now the space 1 7" from ( |3.2.23 ) (with / = 2k + 1) and the element ll)2 = uj' — ldi ^ i^i 
(cf. ( |3.2.20D -( ^T2ll ) and ( pT2^ )). Then clearly 

f^? = f^i(;,o)- (4-4.16) 
Moreover, by using the actions of Theorem 4.2.1, one can rewrite lu' , uji, and lu2 respectively as 



0J2 



uji, (4.4.17) 



i=l 



where 7* = (yt) ^ G f)* for i — 1,2 (so that {7^,7^} and {7^,7^} are dual bases of [)*) and 1 is 



identified with 1 (g) i(l). Then 102 becomes exactly the element ojg^^Ui of |DL1, (14.53)]. 
We shall need the following 

Lemma 4.4.1. With the above notations, one has ^J^j.^ fl Wl{i,o) 



{0}. 



Proof. Recall the group A defined in (4.4.7) and the action of L on C{L} given by ( [1.2.1 ), and let 
U = Vt^rn nN n Wi(;,o) and v & U- Since U C f7L(i,o) n Wl^i^), it follows from ( |4.4.2[ ), ( [4.4Tll| ), and 



(4.4.18) 



i(;,o) 

( [4.4.12 ) that there exist positive integers n, rm {I < i < n), such that 

n rrii 

W = E E ® ''(^■'j) ~ ® '-(^Ji))] : 

i=l J = l 

where € S'((f)^)'_), fojj G L, and ai £ A- Recall also the linear maps of ( 4.2.7 ), ( 4.2.13 ), and 
( 4.4.5| ) and notice tha t for h £ s, n £ Z, the operator h(n) acts on v as the "unrelativized" operator 
7r(/i (X) t") — h^{n) of ( 4.2.15[ ). Since ai-{uij i{bij)) — Uij (g) L[aibij), one gets in particular 



h{0){uij (g) t(6y )) = (ft.* , b'-j) Uij (g) t(6ij), 

/i(0)[ai.(uy (g /,(6,y))] = (ft* ,6"^- +a'-)ai-{uij g)t(&y)) 



(4.4.19) 
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ioi h G s, 1 < i < n, 1 < j < rrii. In terms of the gradation (4.4.14), (4.4.19) means that the 
corresponding vectors have degrees 6-^ and 5"^ + al respectively, where a* G 2Q are such that 
ai = e^i , 1 < i < ?^. Deno te by A i, . . . , Am € jQ* the dist inct de grees occurring among the vectors 
in the right-hand side of ( 4.4.1g ). Then one may rewrite ( 4.4.1 as 

w = wi + . . . + w„ (4.4.20) 

with Vi £ rj* of degree A^. If to = 1 one gets that b'l^ — h'l^ + a' = Ai for all i and j, hence a* — 
and flj = eg = 1, 1 < ? < n, by the choice of the section e (cf. ( 4.1.10 )). Then ( 4.4.18| ) implies 
that w = in this case. Assume now that to > 2 and choose h d s such that the scalars (/i* , A;) 
are distinct (such h exists since the A^'s are distinct linear forms on f)*). Then using ( |4.4.20| ) and 
the fact that v G ri°(; o) '^^^ obtains vi + . . . + Vm = v and J2T=ii^* ' ^kj^Vk = h{0)^v — for 
1 < j < TO — 1 . This is by construction a system of m x m linear equations with nonsingular matrix, 
so that Vk E Cv C U for 1 < A; < to. In particular Vi € and thus A^ = for all i. Therefore, 

ij ~ ij + = f'^'' 1 * ^ n, 1 < j < TOi, so that al = 0, 1 < i < n, and consequently 
Q-i = e^i = 1, 1 < i < n. Then ( 4.4.1^ ) again implies that v — 0, which completes the proof. □ 

Lemma 4.4.1 and ( 4.4.15| )-(4.4.16) yield a linear isomorphism 

^° ^ i^lm + w^i^o))/WLm = Kmf (4.4.21) 

by means of which we identify flf and (^^^(/o))^' follows from ( [4.2.9 ) that Y.j''\a • v,z) = 
aYy\v, z) for v e Vl, a G A. (This is true even for a G L such that a G L n f)*.) Therefore, the 
vertex map yj'' of (4.2.10) induces a well-defined linear map 



yl'^(.,z): f^f(,^o)^(Endf^f 



{i.o)) 



\z''\z-^"] 



(4.4.22) 



v + Wl 



(l.Q) 



Y^'\v + Wm,o),z) = Y,^'\v,z)^ J2 {v + Wl 



which is called the quotient relative untwisted vertex operator map defined with respect to the 
group A (cf. jPLlI , Ch. 4 & 14]). 

Lemma 4.4.2. For u G fi? one has Yl ' {v,z)^ r (') {v,z) = Y{v,z) as (series of) operators acting 
on 



L{LO)- 



Proof. Let v G fl^. By (4.4.14) one may write v = X^iLi ® '-(aj) for some k G Z-|_, 7^ G 
5((i);^)'_), and G i, 1 < i < fc, such that the t(ai)'s are linearly independent. Then the relations 



= h{o)v = 



i{ai), h G 5, imply that {h^ ,ai) = 0, h £ s, 1 < i < k. This 



means that a" — 0, or equivalently — Oi, 1 < i < k. It then follows from ( 4.2.g ) and ( 4.2.9 ) 
that Yj^\v,z) = y(')(i;,z), which combined with ( [4.4.2l| ), (EX22|), and Corollary 4.2.3 proves the 
lemma. □ 

Recall that / = 2fc + 1 and that ra nkf^" =^ C2{k). By using the results of |DL1 , Ch. 14] together 
with Theorem 4.2.1, Corollary 4.2.3, ( [4.4.2l[ ), and Lemma 4.4.2 we get: 

Theorem 4.4.3. Let Y^p {uj2 + V1/l(;.o)i ^) — J2nez L^,{n)z^"-^^ . Then the structure 

{^tm: Y*\ + WLiLO), ^2 + W^L(i,0), I, G, (•,•)) 



a G <&} that consists of 

7(1) 



is a simple GVOA of rank C2{k) generated by the set {i{xa) + W^L(i,o) 

LtfiQ) -eigenvectors with eigenvalue 1 — Moreover, by restricting the map Y^^' to the subspace 
i^L{i 0))" = structure (il", , + Wli^i^o), ^^^2 + W^i(z,o)) becomes a simple VOA of rank 



C2{k) such that y'"^\v,z) ~ Y{v,z) for every v G D,^ . 

Note that by ( 4.4. 12| ), one can actually rewrite '-(l)+M^L(i,o) ^-nd '^2 + W^L(i,o) as t,{A) and u!2^i{A) 
respectively, where LO2 is identified with UJ2 ® '^(1)- 

We now focus on the operators Y^'^^\- , z) introduced in §4.3. We show first: 

Lemma 4.4.4. Let a £ A and v £ Vl- Then Yf'^^\a ■ v, z) = Y^'''^\v, z) as (series of) operators 
acting on V^ . 



□ 
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Proof. Since Y.^'^^'' (• , z) is linear, it suffices to prove the lemma for u e of the form v ~ v* iSi i{b), 
where v* £ S(t)'_) and bet. Recall ([4.1.4|) and ( [4.1.10| ). It follows from [|DL2| , Proposition 
4.6] that ii a G A (or more generally, if a G L is such that a € L fl f)*) and v E Vl, then 
Y^'^^\a ■ v,z) — e(a , 6) a y/'*-'-* (w, z), where in the right-hand side a is understood to act on T 
via the set-theoretic identification between L and given by ( [4.1. 8D (see also ( [4.3.6| )). Thus 



y*'^''^'''(a • u, z) = alC^''~'''(w, z) by (4.4.7) and (4.1.4), and it is therefore enough to show that a acts 
as 1 on T in order to complete the proof. Using (4.4.7) and the fact that e(2a , /?) = 1 for a, /3 G L, 
we see that the set-theoretic identification (4.1.8) restricts to an actual group isomorphism on A, 
so that T becomes an A-module. But L^r = (rj) x L and L acts as 1 on T, hence (1 , a) acts as 1 on 
T for every a € L. In particular, T must be a trivial A-module, as needed. □ 



It follows from Lemma 4.4.4, ( |4.4.10| ), and the definition of relative cr-twisted vertex operators 
in §4.3 that Y^'^^\- , z) induces a well-defined quotient linear map 



Y:^\-,z):n^ 



L{LO) 



{EndVl)[[. 



,1/6/ -1/61 



]] 



(4.4.23) 



Y:'^'\v + WLiu>^,z)^Y:-^'\v,z), 



where Yf'^^\-,z) denotes the restriction to ^l(i.o) of the map Y^''^''' {■ , z) of ( 4.3.1C ). We may 
therefore define the following subalgebra of End V^: 

yyT - C-span{Res,z"F"'^'^(i;-|-IFi(,,o),^) I v e " ^ jjZ} (4.4.24) 

= C-span{Res^z"n'^'''^(w,z) | v e ^l(i.q), n G JjZ}. 

Let now L(A; Q[a]) be any level / standard g[cr]-module. Then A = koAg + (^ — 2/co)Ai for some 
/co G {0, 1, . . . , k} by ( ^.2.4 ), so that £(A; g[(T]) = -^feo,; (§["■]) in the notation of §2.1. According to 

the proof of Corollary 4.3.3, Lkg ^i {q[o' ]) can be isomorphically embedded into L(Ai; §[o'])'^ ' = V^. 
Furthermore, Remark 3.2.3 and (4.4.6) imply that the principal Heisenberg subalgebra s[(t]' (= s[(j]) 
of 0[(t] may be identified with ()*[(t] (= s*[cr]). Consequently, (2.2.10) may be rewritten as 

^fco.KsH) = S^a]^) ® r!fe„,i, (4.4.25) 
where f tkn.i £ 02 (fc ) is the corresponding vacuum space (see ( 2.2.10 ) and ( 2.2.12 )). Note also that 
([4.3. 14[) and ([1.4. l[) actually imply that 



kn-.l 



For e [) let us define the following operators: 



E: 



(0^ 



6, z) = exp 



E 



0(6«) 

In 



6 



= i?±)(0/Z,z), 



(4.4.26) 



(4.4.27) 



where -£'(i)(' j ^) is the unrelativized version of the operator E^f^^-^{- , z) defined in (4.3.5). 

Lemma 4.4.5. T/ie component operators of Yf'^^\v, z) , v G L(Z,0), preserve each of the standard 
Q[a]-modules Lk„j{9[a]), fco G {0, 1, . . . , k}. 

Proof Let fco G {0, 1, . . . , k} and set M = Lko,i{Q[cr]) . By ([4.4.3| )- ([4.4.4[) and ( [4.4.1l|) it sufllces to 
show that y/'''-'(w, z) preserves M for any v G i^L(i.o)- Recall from Theorem 4.4.3 that 

i^Lm = C-span {vW • • • • t(l) I G {i(a;a) | a G $} U {^(1)}, G jZ, i = 1, . . . , j}, 
where wil- is understood as a component operator of Yy\v^^\ z). Thus it is enough to prove that 



M is invariant under Yf'^^'{v, z) for v G fiL(;.o) of the form 



'] • t(l), with G {iixa) I a G $}, G jZ, i = 1, 



(4.4.28) 



Let therefore 0;™ G $ be such t hat v ^™^ —1(2 



, m — 1, . . . , j, and set a = J2m=i Q^™ G 0- It 
follows from ([4.2.l|) and (t4.2.8[) -( [l.2.9| ) (see also ([4.4.2 )) that one may write v as 

I 

Wri,...,r,, (4.4.29) 
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where for any ri 

^ri r^: 



, rj £ {1,2, ... ,1} one has 

-i,...,rj«) i(eri,...,r,), with Wri,...,rj S -Sll^i")-), er,^...,rj =e^i^^^^ ^^. 

and a™^ denotes the r^-th copy of a" G $ in L. Then ( f4.4.29D and ([4.3.8D imply that 



exp(A2*)Mri,...,rj = exp(A 



which combined with ( 4.3.9| ) and ( 4.3.71 ) gives 



{Urt,....rj,z) = W^*(exp(A^*)Wri,...,r,,z) = ( exp( . , z) . 



(4.4.30) 



(4.4.31) 



Note next that for any ri, . . . , G {1,2,...,/} and p G {0, 1, . . . , 5} one has by ( |4.4.8 ) that 
(jP{a\.^ + ... + a{^y = (TP{al^ + . . . + a{^) - rVP(a*), 

and thus 

{aP{al^+...+a{J,{a\^+... + aiJ) 

= {aP{al^ + ... + <), {a\^ + . . . + a^^)) - l-\aP{a), a) 
for all ri, . . . , Tj, si, . . . , Sj G {1, 2, . . . ,1} and p G {0, 1, . . . , 5}. Recall ( 4.3.4 ) and let 

Ci(a) = r{^y\ C2{a) = C3(a) = 6C^^(")Ci(a). 

It is then clear from (4.3.4) and ( 4.4.3l| ) that for any ri, . . . , rj G {1, 2, . . . ,1}, 

T{{a\.^ +... + a^J) = Ci{a)T{al^ +...+ a^J. (4.4.32) 

Recall now ( 4.3.3 ) and notice that by ( 4.4.27 ) one has that [_Ej^^(a*, z), /3'(cr; z)] = for any /3 G f). 
It then follows from ( p^ )-( |4A6| ) and ( f4.4.3lD -( ^X3^ ) that for any ri, . . . , G {1, 2, . . . , I}, 

Y:^^'^i{er,,...,r,),z) = C3{a)z''-(-'''^E~^{a,,z)Y''^(-'\i{er,.^...,r,),z)E+^{a,,z). (4.4.33) 

Furthermore, since Vr-, r e -5'((^;^)-) we get from (|4.4.33|) and (|4.3.7D that 

W^*(un....,r,,2) = C3(a)z^^(")£;(7^(a,,z)W^(u,,,...,,^.,0)i;+ (a,,z), 

where W^(- , z) stands for the unrclativized version of the operator , z) defined in (4.3.7). Then 
( p30| ) yields 

-"^(')(ti,,,...,,^,z) = C3(a)z^^(")£;(7)(a*,z)r'^^(')(?/.,,...,.,,z)i?+(a,,z). 



(4.4.34) 



From ( [4.4.291 ) and ( [4.4.34[ ) we finally get 

(«, z) = C3(a)z^^(")i?(7) (a, , z)y-' w («, z)ii;+ (a, , z). 
The lemma now follows from ( 4.4. 35| ), Theorem 4.3.1, and Corollary 4.3.3. 
Let a G $ and consider the operator on Vj^ determined by 



Z{a,z)=E^i^{a,z)x^{a;z)zE+^{a,z) G C/(gM) [ [zl/^ z'^/^ 



(0^ 



(4.4.35) 

□ 

(4.4.36) 



where i?^^ {■ , z) are defined as in (|4.4.27| ) and U{g[(T]) is a certain completion of J7(§[(t]) (see | MP1| ). 



Recall the subalgebra of EndVj^ from ( 4.4.24 ) and notice that Z{a,z) becomes exactly the 
.Z-operator Z[a,(^) defined in [ |LW| , (3.18)] if one substitutes z by C"'' in ( [4.4. 361 ). Then we can 
prove the following: 

Proposition 4.4.6. 3^yr acts irreducibly on each of the spaces i^ko,h G {0, 1, . . . ,k}. 



Proof. Let fco G {0, 1, . . . , A:}. Note first that ( 4.3.11 ) and ( 4.4.23 ) imply in particular that the 
component operators of Y'^'''''\v , z) , v G ^^iQy preserve the vacuum space fij defined in (4.4.1). 
By Lemma 4.4.5 and ( 4.4.23| ), these operators also preserve the 0[cr]-module Lk„.i{2[a]) , and then 
it follows from ( 4.4.26 ) that J^yr preserves ^ko,i- 

In order to prove that the action of iVy^ on flko.i is irreducible, we note that the operators 
Y'^'^''\i{xa), z), a G <&, are in fact closely related to the operators Z[a,z) defined in ( 4.4.36| ). 
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Indeed, a simplified version of the computations in Lemma 4.4.5 (in this case just a straight- 
forward consequence of ( [4.3.4| )-( |4A6| ), ( |4.4.8D , Theorem 4.3.1, Remark 4.3.2, and the fact that 
T(a,)-rK)"^ = t(t^) for i = 1, . . . ,/) yields 



(4.4.37) 



= ^(7) ("* ' ^) ) , ^) 2 E+ (a, , z) 

i=l 

I 

= (6z)"^z^T(ai)£'(^j(-ai + a.^ /I, z)E^^^^{-ai + a.^/l,z) 
1=1 
/ 

= (6z)Tz ^ <a,)E-^^^ (-a„ z)E+^^^^ {-a,, z){Qz)-^+t 

i=l 

= r(t)6-Tzi-i^y;-W(,(e„J,z) = r(^)6-Tzi-Ty;'W(»(a;„),z), 
1=1 

so that the operator ■K'^Z{a^z) is essentially a relative cr-twistcd vertex operator. Denote by Z'yT 
the subalgebra of EndV^ generated by the component operators of the fields 7r'^Z(a, z), a G 
Clearly, Z't C 3^y^- I* i^Q'o. follows from [LW, Proposition 3.1] and the "equivalence theorem" 
|LW, Theorems 5.5 and 5.6] that Z'j, acts irreducibly on ilkg.h so that the same must be true for 



□ 



Recah from (]3.2.24|) -( p.2.25| ) and (l4.4.17|) that the Virasoro element lu2 G ^l" induces a ^Z- 
gradation on flka.i via the operator L^{0) = Hes^ zY"'(uj2, z), and that the corresponding g-trace is 
given by /.^ ,(g) (cf. (|3Y26|) and I ^J^ ). 

Lemma 4.4.7. With the above notations, one has 



In particular, the q-trace 



£.(0)- 



{LO2 + WLiL0),z)=Y''{LO2,z). 



(4.4.38) 



C2(fc) 



(0, 



24 {where L^O) = Res^ zY^" ' {u;2 + Wl{i,o), z)) 



is well defined and coincides with /^.^ ,(?)• 

Proof. One can use the definition of relative cr-twisted vertex operators in §4.3 and imitate the proof 
of Lemma 4.4.2 in order to obtain from Corollary 4.3.3 that when acting on fij, 

Y,'''^^\v,z) = Y''''^^\v,z) = Y''{v,z) for v G il^ . (4.4.39) 

By Pro position 4.4.6, (4.4.39) holds even as a n ident ity bet ween ( series of) operators on ^ko,i- Then 
( [4.4.381 ) follows from Lemma 4.4.1, ([4.4.2l| ), (|4.4.23[) and (|4.4.39|) . ' □ 

Summarizing, we have 

Theorem 4.4.8. Let ko £ {0, 1, . . . , fc} and ftko,i G C>2{k)- Then the structure 

{^t(uovY'i\i{A),uj2®i{A),l, G, (•,•)) 

is a simple GVOA of rank C2{k) which acts irreducibly on flko,i by means of the operators Y \- , z), 
in such a way that ilko,i has a well-defined q-trace x1^^ ^il) given by 



where y"^ (q) is as in Theorem 3.2.7. 



□ 



Remark 4.4.9. It follows from Lemma 4.4.5 and Proposition 4.4.6 that the whole VGA L{1,0) 
acts in fact irreducibly on each of the spaces ^lko,i: G {0, 1, ... , fc}, by means of the operators 

Y^f\-,z). Further more, under this action the Virasoro element uj' E L{1,0) (see ( [4.4.17] ) and 
(3.2.20)) induces the same g-trace xl^ ^{q) for the space flko,i- The techniques of Lemma 4.4.5 and 
Proposition 4.4.6 seem therefore fiexible enough to allow the construction of structures of (G)VOA 
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type which are "larger" than i^^i q-, and still satisfy the properties described in Theorem 4.4.8 
(except possibly for the rank). 

We conclude our partial discussion of Problems 1 and 2 with some remarks about potential further 
developments. A natural context for Theorem 4.4.8 would obviously be the "twisted representation 
theory" of the GVOA q-,. This fact alone motivates therefore an axiomatic study of the notion 
of "twisted module for a GVOA", of which the spaces flko,i should be natural examples. It is quite 
clear that the techniques used for proving Lemma 4.4.5 and Proposition 4.4.6 are easily adapted to 
the more general setting of an arbitrary positive definite even lattice, t hus ext endin g to a r easonably 
large class of examples. We therefore believe that formulas such as ( 4.4.35| ) and ( 4.4.37 ) together 
with the duality properties of ordinary twisted modules could lead to a relatively simple-looking 
Jacobi identity for a twisted GVOA-module, which is usually the main axiom for structures of 
this type. (The very technical nature of the generalized twisted Jacobi identity established in 
[DL2| makes this identity somewhat inappropriate for such purposes.) The appropriate axiomatic 
setting once developed, one expects the GVOA il^^^,^ to be "cr-rational" and the spaces ^ko,h 
ko G jo, 1 , . . . , fcj, to be in fact its only simple cr-twisted modules, in view of the "equivalence 



theorem" [ LW , Theorems 5.5 and 5.6]. Theorem 3.2.7, Theorem 4.4.8, and Remark 3.2.8 (ii) would 
then suggest a strong connection between the r-twisted representation theory of the r-rational 
VOA Vk{A[^^)'^^ and the "a-twisted representation theory" of the "cr-rational" GVOA i^^i^y 
or between appropriate substructures of these algebras. We believe that such connections would 
eventually answer Problems 1 and 2 in the affirmative. 



Appendix: Some character formulas 



We give here the formula for the unspecialized character of F — L(3Ao; ^2^''). Recall the notations 
from §2.1 in this case. In particular, ao, ai, 0,2 are the simple roots and 5 = ao + + a2- Set 
u — e""", V = e~"i, w = e~"^. The computations were made by using the techniques developed in 
[KP] and |K1|, that is, by expressing chY in terms of the string functions for the maximal dominant 
weights and explicitly calculating their orbits under the affine Weyl group. One gets 



e-3AochT/ dim^3Ao-M(w«u')'') 

■ CO 

dimV3Ag-ao-ks{uvw)''+^ 



y^ (uvw)'^ 



(A.l) 



fc=0 



E ( 



X (1 + (u77U;)2(2™-")^-2) + J2 ( 

X (1 + (uww)2(2«-")u;-2) + J2 (mwu;)^('"'+"'"'"")^(™+"^w^ 

m,n^Z 



(uvw) 

m,n^ Z 
00 

dimV3Ag-2ao-ai-ks{uVw)'^ j 
fc=0 ^ 



-I- ( dimVsAo-2ao -a2-ks{uvwy 



k=0 



E ( 

m^n^ 'Zi 



yyy^'j3(m^+n^-mn+m-ri)+2^-l-3m^l-3n 



Using the table Affine A2-Level 3-Class 0-Rp 4 from |KMPS, p. 408], one can obtain concrete 
expressions for every specialization F(^gg ,^^ ,^^^{e~^^''chV) "near the top" of the module V. For 
instance, 



^'(4,i,i)(e~^'^°chT/)|^^^i =l + qTS +2qi + 2q + 2qi 



46g"r -HO(g" 



(A.2) 
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Unfortunately, as shown by computer experiments, it is not likely that (A. 2) could be rewritten as 
a product formula in which the graded dimension of a symmetric algebra is easily identifiable (cf. 
Remark 3.2.6). The same can actually be said about the character 

^'(i,o,o)(e"^'^VhF) = 1 + 8g + 4^ + 192q^ + . . . + 0{q^^), 

which up to the factor g^s is just the g-trace of the VOA 1/3(^2^-'). The latter formula may of 
course be used for computing the graded dimension of the vac uum sp ace VL^. Indeed, after dividing 
out the graded dimension of the Fock space M(3) (which by ( 3.2.18| ) is n^i(l ~ 9")"^) one gets 

dim, = 1 + 6q + 27q^ + OSg^ + . . . + 0{q^^). 

For the purposes described in §3.2, we are in fact more interested in comparing the g-traces of 
the VOAs Vll and Vi{A^^'^)®'^ . If we substitute u by qv ^ in formula (A.l), then multiply it 
with 11^1(1 ~ 9")^ ^-i^d collect the terms containing only zero powers of v and w, we get 

tr gi^(O)-^ ^ A (1 + + 8^3 + ig^4 ^ ^ ^ ^ ^ ^(^22))^ (^.3) 

since C2(l) = 2 (cf. §3.2). On the other hand, using the formulas of [ |KMPS| , §21.8] for the unspe- 
cialized character of L{Kf)\ A''^^) = Vi{A''^^), one gets (recall from §3.2 that ci(l) = 1) 

*Vi(a(i') 9^^"'"^ = (1 + 3g + V + 7g3 + . . . + 0{q^^)), (A.4) 

and consequently 

tv^(4i))«2 g^«'°^-'^ =g-T^(l + 6g+17g2 + 38g3 + ... + 0(g'3)). (A.5) 

As we already noted in §3.2, the conformal vectors of $7° and Vi(A[^'') are such that rankil§ = 
2rankVi(yl^^''), which obviously prevents these spaces from being isomorphic as VOAs. Formulas 
(A. 3) and (A.4) show actually that ilg and T4(^i^^) are not even isomorphic as graded vector 
spaces. Moreover, (A. 3) and (A.5) imply that although they have the same rank, the VOAs Vl^ and 
Vi(A'"-P)®'^ cannot be isomorphic either. 
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